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Abstract
We study N = (2, 2) supersymmetric abelian gauge theories in two dimensions. The exact BPS
spectrum of these models is shown to coincide with the spectrum of massive hypermultiplets of
certain N = 2 supersymmetric gauge theories in four dimensions. A special case of these results
involves a surprising connection between four-dimensional N = 2 SQCD with N colours and
Nf > N flavours at the root of the baryonic Higgs branch and the supersymmetric CP
2N−Nf−1
σ-model in two dimensions. This correspondence implies a new prediction for the strong-
coupling spectrum of the four-dimensional theory.
1 Introduction
It has been noted many times in the past that two-dimensional theories with N = (2, 2) super-
symmetry have intriguing similarities to supersymmetric gauge theories in four dimensions. In
this paper we will describe a quantitative correspondence between N = (2, 2) theories in two
dimensions and certain gauge theories with N = 2 supersymmetry in four dimensions which
suggests new results for both types of model. In the present context, the key feature shared by
these models is the existence of BPS states. The specific theories we will consider are,
Theory A: Two-dimensional N = (2, 2) supersymmetric U(1)G gauge theory with dimen-
sionful gauge coupling e. The matter content consists of N chiral multiplets with charge +1
under U(1)G and twisted masses m1, . . . , mN [1]. A further N˜ < N chiral multiplets have
charge −1 and twisted masses m˜1, . . . , m˜N˜ . The classical theory has a dimensionless Fayet-
Iliopoulis (FI) parameter r and vacuum angle θ which are combined in a single complex coupling
τ = ir + θ/2π. In the quantum theory, τ is eliminated in favour of a dynamical scale, Λ.
Theory B: Four-dimensional N = 2 SU(N) SQCD with Nf = N + N˜ fundamental hy-
permultiplets with masses m1, . . . , mN and m˜1, . . . , m˜N˜ . The vacuum expectation value of the
vector multiplet scalar is taken such that the theory lies at the root of its first baryonic Higgs
branch. The dimensionless gauge coupling g and vacuum angle ϑ combine to form the complex
coupling τ = 4πi/g2+ϑ/2π which is a parameter of the classical theory. In the quantum theory,
τ is eliminated in favour of a dynamical scale, Λ.
The main result presented below is that the BPS spectrum of Theory A is identical to
the spectrum of massive BPS-saturated hypermultiplets of Theory B. By this we mean that
the masses of corresponding BPS multiplets in each theory are identical as functions of the
parameters1 mi, m˜i˜ and Λ. A simplified version of the same correspondence also holds at the
classical level with dependence on Λ replaced by dependence on τ . Similar results for the special
case N˜ = 0 were presented in [2]. In this paper we extend the correspondence to the general
case described above and investigate the consequences for the strong-coupling spectrum of the
four-dimensional theory. We also discuss the correspondence of the BPS states in terms of the
intersecting brane configuration introduced in [1] and its counterpart for the four-dimensional
theory [3].
The first step in demonstrating the claimed correspondence is to show that the central
1As explained below and in [2] the BPS spectrum of Theory A does not depend on the two-dimensional
gauge coupling e.
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charges of both theories are identical as functions of the parameters. The central charge of the
four-dimensional model is governed by the periods of an elliptic curve which is given explicitly
in [4]. In contrast, the two-dimensional central charge is determined by the critical values of
a twisted superpotential. A key property of the two-dimensional BPS spectrum is its stability
against D-term perturbations including, in particular, variation of the gauge coupling e [5, 6].
Because of this property, the exact twisted superpotential of Theory A and therefore its exact
central charge can be determined by a one-loop calculation performed at weak coupling. We
find that the central charge of both models is given by the same holomorphic function of mi,
m˜i˜ and Λ.
To check that the BPS spectra of the two theories agree, it is also necessary to specify which
BPS states occur in each model. If we choose the parameters mi so that a sufficient number
of gauge bosons have masses much greater than |Λ|, the four-dimensional theory is weakly
coupled. In this case, the BPS spectrum, which can be determined by semiclassical methods,
includes quarks, monopoles and dyons which are N = 2 hypermultiplets in addition to the
gauge bosons which lie in N = 2 gauge multiplets. We also find a characteristic spectrum of
quark-monopole boundstates which have not been described before. In fact it is easy to show
that Theory A, which is also weakly-coupled in this region of parameter space, contains BPS
states corresponding to each massive quark, monopole and dyon hypermultiplet of Theory B,
as well as counterparts of each of the quark-monopole boundstates mentioned above.
Away from weak-coupling, the problem of determining which BPS states occur in the spec-
trum is complicated by the presence of curves of marginal stability on which BPS states may
decay. For N = 2 theories in four dimensions, this problem has only been solved for gauge
group SU(2) [7]. However, in the two dimensional case, we can make some progress by not-
ing that Theory A effectively reduces to the supersymmetric CPN−N˜−1 σ-model at the special
point in the strong-coupling region of parameter space where all twisted masses vanish2. This
model is integrable and its exact spectrum is well known [8, 9, 6]. The σ-model has an un-
broken SU(N − N˜) global symmetry and the BPS states form multiplets of this symmetry.
In addition to kinks transforming in the fundamental representation, there is a characteristic
spectrum of boundstates transforming in antisymmetric tensor representations of SU(N − N˜).
Small twisted masses break the global symmetry and introduce mass splittings for these mul-
tiplets which are exactly determined by the one-loop twisted superpotential described above.
As the point mi = m˜i˜ = 0 is not singular, this description of the spectrum should be valid in
some open region of the parameter space containing this point. This strong coupling spectrum
of kinks and their boundstates is obviously quite different from the weak coupling spectrum
2As explained in Section 3 below, if N˜ 6= 0 Theory A also has a massless spectrum and it is necessary to
introduce certain additional complex mass parameters to reduce the theory to the σ-model in question.
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described above. For example the former spectrum contains only a finite number of BPS states
while the latter is infinite. As usual these differences can be resolved by the presence of curves
of marginal stability which disconnect the parameter space into inequivalent regions.
As the exact central charges of Theory A and Theory B are identical, the same curves of
marginal stability occur in both theories. Combining this with the fact that the spectra of the
two theories already agree at weak coupling, it seems very plausible that the correspondence
should hold throughout the parameter space. Indeed in the N = 2 case, where four-dimensional
results are available, this agreement can be checked explicitly [2]. To strengthen this conclusion
in the general case, we review the realization of Theory A [1] and Theory B [3], on the world-
volumes of intersecting M-theory branes. In either theory, BPS states appear as M2 branes
whose boundaries lie on M5-branes. In both cases, the relevant boundaries naturally correspond
to one-cycles on the same Riemann surface.
The equivalence of two-dimensional and four-dimensional spectra considered here has in-
teresting consequences for both theories. As in [2], we learn that the two-dimensional theory
displays many of the phenomena which are characteristic of N = 2 theories in four-dimensions.
These include non-trivial monodromies of the spectrum in the complex parameter space, curves
of marginal stability as well as strong-coupling vacua with massless solitons. Conversely, setting
all twisted masses to zero we uncover an unexpected relation between four-dimensional SU(N)
N = 2 SQCD with Nf = N + N˜ massless flavours at the baryonic root and the CPN−N˜−1
σ-model in two dimensions. Both models are asymptotically free and have a U(1) R-symmetry
which is broken to a Z2N−2N˜ subgroup by instantons
3. The global SU(N − N˜) symmetry of
the σ-model is identified with the unbroken global symmetry on the baryonic branch of the
four-dimensional theory. The correspondence described above then makes a prediction for the
four-dimensional BPS spectrum at the baryonic root. In addition to the massless spectrum
at the baryonic root which was described in [4], we should find massive BPS hypermultiplets
transforming in the fundamental representation of the global SU(N − N˜) symmetry as well
as boundstates in each anti-symmetric tensor representation of this group. Interestingly, an
explicit semiclassical shows that these states are also present in the weak-coupling regime of
the same four-dimensional theory4.
The plan of the paper is as follows. In section 2 we discuss various classical aspects of
the two dimensional theory including a description of the twisted masses, the moduli space
3 Note that the correspondence discussed here is quite distinct from the more conventional analogy between
the supersymmetric CPN−1 σ-model in two dimensions and N = 1 supersymmetric Yang-Mills theory with
gauge group SU(N) in four dimensions
4In other words, the theory with zero bare masses obtained from Theory B by moving away from the baryonic
root to the region where the adjoint VEVs are much larger than |Λ|
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of classical vacua, the central charge and the spectrum of elementary quanta and solitons. In
order to describe the latter in a manifestly supersymmetric manner, it is necessary to work in a
dual Landau-Ginzburg formalism of the theory which we describe. In section 3, we turn to the
quantum aspects of Theory A and determine the exact central charge and, in certain regimes
of the parameter space, the BPS spectrum. In section 4, we show that the central charge of
Theory A does indeed coincide with that of Theory B. We further describe the four-dimensional
massive hypermultiplet spectrum in the weak-coupling regime and show that it agrees with the
two-dimensional spectrum. Finally, in Section 5, we consider the IIA/M-brane description of
the two theories.
2 Theory A: Classical Analysis
Two-dimensional gauge theories with N = (2, 2) supersymmetry were studied in detail by
Witten in [10] and an extensive introduction to these theories, including the N = (2, 2) super-
space formalism used below, can be found in this reference. Additional relevant background
material is given in [1, 2]. The conventions used are those of [2]. The two-dimensional gauge
theory described in the introduction is built from a vector superfield V , N chiral superfields
Φi, i = 1, . . . , N , with charge +1 under the gauge group U(1)G, and N˜ chiral superfields Φ˜i˜,
i˜ = 1, . . . , N˜ , with charge −1. The gauge field kinetic terms are written most simply in terms
of a gauge-invariant twisted chiral superfield, Σ = D†+D−V , whose lowest component is a com-
plex scalar σ and also includes the U(1) field strength as well as fermionic superpartners. Σ is
referred to as the field-strength superfield of the corresponding gauge multiplet V . Each chiral
multiplet Φi (Φ˜i˜) consists of a complex scalar, φi (φ˜i˜), and a single Dirac fermion.
The kinetic terms for all fields are contained in an N = (2, 2) D-term,
LK =
∫
d4θ

 N∑
i=1
Φ†ie
2VΦi +
N˜∑
i˜=1
Φ˜†
i˜
e−2V Φ˜i˜ −
1
4e2
Σ†Σ


where e is the dimensionful gauge coupling constant. Two dimensionless parameters will also
prove important in the story: the Fayet-Iliopoulis (FI) parameter, r, and the vacuum angle, θ.
These are simply incorporated in the superfield formalism via the twisted F-term [10],
LFI = iτ
2
∫
d2ϑ Σ + h.c. (2.1)
where τ = ir + θ/2π and d2ϑ is the measure over the ‘twisted’ half of superspace. Both
the D- and F-terms above are invariant under the full U(1)A × U(1)R automorphism group
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of the N = (2, 2) supersymmetry algebra. The theory also has a global flavour symmetry
H = U(N) × U(N˜)/U(1)G.
Gauge theories with N = (2, 2) supersymmetry admit two different types of supersym-
metric mass parameters for chiral multiplets. The first arises by dimensional reduction of the
corresponding 4D mass term and has the form of an ordinary superpotential (as opposed to a
twisted superpotential),
Lmˆ =
∫
d2θ mˆij˜ΦiΦ˜j˜ + h.c. (2.2)
Following [1] we refer to the parameters mˆij˜ as complex masses. Generic non-zero complex
masses break U(1)R and also completely break the global symmetry group H . The R-symmetry
U(1)A is left unbroken. The second kind of mass parameter, known as a twisted mass, has no
counterpart in four dimensions. Twisted masses are introduced by weakly gauging the global
flavour symmetry H of the model and constraining the lowest component of the corresponding
field-strength multiplet to a fixed background expectation value. In fact, in order to preserve
supersymmetry this expectation value must be diagonalisable and we will only gauge the Cartan
subalgebra C of the flavour group H . We have C =
(⊗Ni=1U(1)i)×(⊗N˜i˜=1U˜(1)˜i
)
/U(1)G, where
U(1)i is defined so that the chiral multiplet Φj has charge +δij while the Φ˜j˜ are neutral.
Similarly, under U˜(1)˜i, the Φj are neutral while the Φ˜j˜ carry charge −δi˜j˜ . Modding out by
U(1)G is necessary because because the sum of the generators of the global U(1) subgroups
defined above generates the original gauge group.
The vector multiplets corresponding to the newly gauged U(1)’s are denoted as Vi, i =
1, . . . , N and V˜i˜, i˜ = 1, . . . , N˜ and the D-term Lagrangian for the kinetic terms becomes
L˜K =
∫
d4θ

 N∑
i=1
Φ†ie
2(V +Vi)Φi +
N˜∑
i˜=1
Φ˜†
i˜
e−2(V +V˜i˜)Φ˜i˜ −
1
4e2
Σ†Σ

 (2.3)
As each of their component fields is to be constrained, a kinetic term for the new gauge fields
would be redundant. Instead we introduce a twisted chiral multiplet, Λi (Λ˜i˜), for each new
gauge multiplet, Vi (V˜i˜), adding to the Lagrangian the term,
LLM = i
2
∫
d2ϑ

 N∑
i=1
Λi(Σi −mi) +
N˜∑
i˜=1
Λ˜i˜(Σ˜i˜ − m˜i˜)

 + h.c. (2.4)
where Σi (Σ˜i˜) is the field strength superfield for Vi (V˜i˜). These twisted chiral superfields act
as Lagrange multipliers for the constraints Σi = mi and Σ˜i˜ = m˜i˜. They also constrain the
corresponding gauge fields to be pure gauge. Since these field strengths are themselves twisted
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chiral superfields, mi and m˜i˜ are referred to as twisted masses. In addition to breaking H
down to its Cartan subalgebra, generic non-zero twisted masses also break U(1)A. The residual
R-symmetry group in the presence of twisted masses is U(1)R. Note that the above procedure
for introducing twisted masses only makes sense if the subgroup of the global symmetry group
which we are gauging is unbroken. For this reason, if the chiral field Φi appears in a complex
mass term such as (2.2), it cannot also have a non-zero twisted mass5. In this paper we will
be primarily interested in the theory with non-zero twisted masses and complex masses are
henceforth set to zero unless stated otherwise. The superspace Lagrangian for the model of
interest is therefore L = L˜K +LFI+LLM . Note also that the sum of all twisted masses may be
changed by a shift in σ and we use this freedom to set
∑N
i=1mi = 0 while leaving the masses
m˜i˜ unconstrained.
An alternative expression for this Lagrangian which will prove useful below is L = LD+LF
where the D-term is written as,
LD =
∫
d4θ
N∑
i=1
[
exp
(
Xi +X
†
i + 2Ui
)
− 2RiUi
]
+
N˜∑
i˜=1
[
exp
(
X˜i˜ + X˜
†
i˜
− 2U˜i˜
)
− 2R˜i˜U˜i˜
]
− 1
4e2
Σ†Σ
(2.5)
with Φi = exp(Xi) and Φ˜i˜ = exp(X˜i˜). In the above expression we have also redefined the gauge
superfields as Ui = V + Vi and U˜i˜ = V + V˜i˜ and split the Lagrange multiplier superfields into
real and imaginary parts according to,
Λi = iRi + Θi
2π
Λ˜i = iR˜i˜ +
Θ˜i˜
2π
(2.6)
Notice that each gauge field Ui (U˜i˜) has Fayet-Iliopoulis term where the FI coupling is the
imaginary part, Ri (R˜i˜), of the twisted chiral superfield Λi (Λ˜i˜). Note also that we have chosen
to write these terms in the conventional way as D-terms depending on the vector superfields Ui
(U˜i˜) rather than as twisted F-terms analogous to (2.1) above which involve the corresponding
field-strength superfields. The residual twisted F-terms are conveniently written in terms of a
twisted superpotential as
LF =
∫
d2ϑW(Λi, Λ˜i˜,Σ) +
∫
d2ϑ¯ W¯(Λ†i , Λ˜†i˜ ,Σ†) (2.7)
with,
W = i
2

τΣ− N∑
i=1
Λi(mi + Σ)−
N˜∑
i˜=1
Λ˜i˜(m˜i˜ + Σ)

 (2.8)
5More precisely the twisted masses of the two chiral superfields appearing in (2.2) are not independent
parameters but obey a certain linear constraint.
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At this point we have a model which contains both chiral and twisted chiral superfields.
These two kinds of superfield have exactly the same content in terms of component fields and
it is sometimes possible to eliminate a chiral superfield in favour of a twisted chiral superfield
(or vice versa) using the two-dimensional duality transformation introduced by Rocek and
Verlinde [11]. In the following we will use this transformation to derive a dual formulation in
which the Lagrangian has a simple Landau-Ginzburg form. This is particularly straightforward
for the present model as the first step in the duality transformation of [11] is to gauge a single
global symmetry generator for each chiral superfield exactly as we have done above. Further in
the usual duality transformation one must also introduce a Lagrange multiplier to enforce the
constraint that the new gauge fields are pure gauge. This step also has already been performed
above in the process of introducing twisted masses. The fact that the scalar components of
these gauge multiplets are constrained to a non-zero value in the present case means this is a
slight generalization of the usual duality transformation.
To complete the duality transformation requires two more steps. First the chiral multiplets
Xi and X˜i˜ are absorbed by the gauge transformation,
Ui → Ui − 1
2
(Xi +X
†
i )
U˜i˜ → U˜i˜ +
1
2
(X˜i˜ + X˜
†
i˜
) (2.9)
Second we can eliminate the gauge multiplets Ui and U˜i˜ via their equations of motion which
read,
exp(2Ui) = Ri exp(−2U˜i˜) = −R˜i˜ (2.10)
The result is a dual description of the theory in terms of the chiral superfields Λi, Λ˜i˜ and Σ
with Lagrangian of Landau-Ginzburg form. We have L = LD + LF with,
LD =
∫
d4θK[Λi,Λ†i , Λ˜i˜, Λ˜†i˜ ,Σ,Σ†] (2.11)
where the Ka¨hler potential is given by,
K =
N∑
i=1
Ri (1− logRi)−
N˜∑
i˜=1
R˜i˜
(
1− log(−R˜i)
)
− 1
4e2
Σ†Σ (2.12)
The twisted F-term Lagrangian LF is defined in (2.7,2.8) above. This dual formulation of the
model will be particularly useful when discussing the properties of BPS solitons below. A limit
of the theory which will be of particular interest below is the strong-coupling limit e→∞. In
this limit the kinetic terms for the gauge multiplet can be omitted from the Ka¨hler potential
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(2.12) and the field-strength multiplet Σ can be eliminated via its equation of motion which
imposes the linear constraint,
N∑
i=1
Λi +
N˜∑
i˜
Λ˜i˜ = τ (2.13)
Returning to the original formulation of the model, with Lagrangian L = L˜K +LFI +LLM
defined above, we obtain the classical scalar potential by integrating out auxiliary fields to get,
U = e2

 N∑
i=1
|φi|2 −
N˜∑
i˜=1
|φ˜i˜|2 − r


2
+
N∑
i=1
|σ +mi|2|φi|2 +
N˜∑
i˜=1
|σ + m˜i˜|2|φ˜i˜|2 (2.14)
The manifold of classical supersymmetric vacua, determined by the condition U = 0, depends
on the parameters r, mi and m˜i˜. We begin by considering the case of zero twisted masses,
mi = m˜i˜ = 0. In this case the theory has a classical Higgs branch with σ = 0, determined by
solving the equation,
N∑
i=1
|φi|2 −
N˜∑
i˜=1
|φ˜i˜|2 = r (2.15)
modulo U(1) gauge transformations. The quotient of the solution space of (2.15) by U(1)G
defines a toric variety, MH(r), of complex dimension N + N˜ − 1 [10, 12]. The generators of
the global symmetry group H act as isometries on MH. For r > 0 (r < 0) MH has Ka¨hler
class r (−r) and first Chern class c1 = N − N˜ (N˜ −N). The two regions r < 0 and r > 0 are
separated by the point r = 0 at which the classical Higgs branch is singular. A special case
is N = N˜ , where the two regions yield a pair of birationally equivalent Calabi-Yau manifolds
[10]. The classical Higgs branch is always non-compact except in the two cases, N˜ = 0 with
r > 0, and, N = 0 with r < 0, where the toric varieties in question are the complex projective
spaces CPN−1 and CP N˜−1. Another special feature of the cases with N = 0 (N˜ = 0), is
that the classical theory has no supersymmetric vacua at all if r is negative (positive). As we
will see below, this and several other features of the classical theories are modified by quantum
corrections. For r = 0 only, the classical theory also has a Coulomb branch on which φi = φ˜i˜ = 0
and σ is unconstrained.
When generic non-zero twisted masses are introduced the classical Higgs branch is lifted
leaving only a finite number of isolated supersymmetric vacua. In particular, for r > 0, we
find N such vacua, Vi with i = 1, 2, . . . , N . In the vacuum Vj the scalar fields take values
σ = −mj , φi =
√
rδij and φ˜i˜ = 0. Correspondingly, for r < 0 we find N˜ supersymmetric vacua,
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V˜i˜ with i˜ = 1, 2, . . . , N˜ . In the vacuum V˜j˜ the scalar fields take values σ = −m˜j , φi = 0,
and φ˜i˜ =
√−rδi˜j˜ . In each of these vacua the scalar component of a single chiral multiplet is
non-zero and the phase of this field has been set to zero by a U(1)G gauge rotation. When two
or more twisted masses coincide a continuous vacuum degeneracy is restored. If r > 0, the two
minimal cases occur when mi = mj for some i and j and when mi = m˜j˜ for some i and j˜. Both
cases give rise to Higgs branches of complex dimension one. In the first case the Higgs branch
is a copy of CP 1 while in the second case it is a non-compact complex manifold which satisfies
the Calabi-Yau condition c1 = 0. In contrast, the condition m˜i˜ = m˜j˜ for some i˜ and j˜ does not
increase the vacuum degeneracy (for r > 0). As in the massless case, the theory with r = 0 also
has a Coulomb branch on which all the chiral multiplet scalars vanish and σ is unconstrained.
We will now consider the BPS spectrum of the classical theory introduced above beginning
with the case of vanishing twisted masses. In this case the full R-symmetry group U(1)A×U(1)R
is unbroken. This implies that the N = (2, 2) SUSY algebra has vanishing central charge and
thus there are no massive BPS states in the classical theory. However, the classical theory does
have massless particles corresponding to the flat directions of the Higgs and Coulomb branches
described above. In particular there are N + N˜ −1 massless chiral multiplets which correspond
to complex coordinates on the classical Higgs branch MH(r). In any open region of MH in
which Φj 6= 0, the gauge-invariant superfields W (j)i = Φi/Φj , for i = 1, 2, . . . , N with i 6= j,
together with W˜
(j)
i˜
= ΦjΦ˜i˜, for i˜ = 1, 2, . . . , N , provide a convenient basis for these massless
fields. In the classical theory the scalar components of some of these multiplets are Goldstone
bosons for the broken generators of the global symmetry group H, a situation which cannot
persist in the corresponding two-dimensional quantum theory [13]. In contrast, fluctuations of
the fields which are orthogonal to the vacuum manifold get masses of order
√
e|r| from the Higgs
mechanism. Provided r 6= 0, the massive fields decouple in the infra-red (IR) limit e → ∞
and the resulting theory is precisely a supersymmetric non-linear σ-model with target manifold
MH(r). The coupling constant of the low-energy σ-model is related to the FI parameter as
g =
√
2/r.
In the presence of twisted masses, the same IR limit yields a massive deformation of the
σ-model which was studied in detail for the case N˜ = 0 where MH = CPN−1 in [2]. In
the deformed model, the classical vacuum degeneracy is lifted as described above and each
of the N + N˜ − 1 massless chiral multiplets of the σ-model acquires a mass. As usual, the
conversion of massless degrees of freedom to massive is only consistent if the latter states
are BPS saturated and therefore lie in short multiplets of supersymmetry. This is possible
due to the fact that twisted masses break U(1)A allowing a non-zero central charge in the
supersymmetry algebra. Further the twisted masses also break H to its maximal torus and
the unbroken Cartan generators are natural candidates for the central charges in question [1].
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Massive particles which carry the global U(1) charges can then form short multiplets. In the
vacuum Vj , the N + N˜ − 1 massless chiral multiplets W (j)i and W˜ (j)i˜ defined above get masses
|mi −mj | and |m˜i˜ −mj | respectively. Summing over each of the vacua Vi of the r > 0 theory,
we find a total of N(N + N˜ − 1) states with distinct masses. Introducing a little new notation
allows these masses to be written in a simple universal form. We denote the charge carried by
a field under the global U(1)k (U˜(1)k˜) flavour symmetries as Sk (S˜k˜) Note that W
(j)
i = Φi/Φj
then carries charges Sk = δik − δjk and S˜k˜ = 0, while the field W˜ (j)i˜ = Φ˜i˜Φj carries charges
Sk = δjk and S˜k˜ = −δi˜k˜. The masses of all these states obey the BPS mass formula M = |ZS|
where the corresponding central charge is,
ZS = i
N∑
i=1
miSi + i
N˜∑
i˜=1
m˜i˜S˜i˜ (2.16)
The BPS states described above are elementary quanta of the fields appearing in the La-
grangian of the mass-deformed σ-model. As the classical theory with non-zero twisted masses
has isolated supersymmetric vacua, an additional possibility arises: there can be BPS satu-
rated kinks which interpolate between distinct supersymmetric vacua at left and right spatial
infinity. For r > 0, we can define topological charges Ti, i = 1, . . . , N , such that a field con-
figuration that tends asymptotically to the vacuum Vj as x → ∞ and to Vk as x → −∞ has
topological charge Ti = δij − δik. Correspondingly, for r < 0, we define topological charges,
T˜i˜, for i˜ = 1, 2, . . . , N˜ , associated with solitons which interpolate between the vacua V˜i˜. Like
the global generators Si and S˜i˜ defined above, the topological charges Ti and T˜i˜, can also con-
tribute to the central charge [14]. Solitons with non-zero topological charges can then give rise
to additional BPS states in the spectrum. As we review below, the topological contribution to
the classical central charge (2.16) is included by the replacement Si → Si + τTi in (2.16) for
r > 0 and S˜i˜ → S˜i˜ + τ T˜i˜ for r < 0.
For the case of the mass-deformed CPN−1 σ-model, BPS saturated kinks were studied in
detail in [2]. We will begin by briefly reviewing the simplest example, N = 2, N˜ = 0, where
the target space is CP 1. In this case there are two classical vacua V1 and V2, with a single
chiral multiplet of mass |m| = |m1 −m2| in each. The scalar components of these multiplets
are w = φ1/φ2 in V1 and 1/w in V2. The theory has a single global U(1) charge S = (S1−S2)/2
and a single topological charge T = (T1−T2)/2. It will be useful to exhibit the soliton solutions
in both versions of the model introduced above. Starting from the original formulation of the
theory, with Lagrangian L = L˜K + LFI + LLM defined in (2.1,2.3,2.4), we take the IR limit
e → ∞ and eliminate the gauge field multiplet by its equations of motion. We then obtain
a Lagrangian for the complex scalar w = φ1/φ2 and its superpartner. It is convenient to
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decompose the complex field w in terms of its modulus and argument as,
w = tan
ϕ
2
exp(iα) (2.17)
where, in order to make the mapping one-to-one, we make the identifications ϕ ∼ ϕ + 2π and
α ∼ α + 2π. In terms of the new variables, the bosonic terms in the Lagrangian read [2],
LBose = −r
4
[
(∂µϕ)
2 + sin2 ϕ
(|m|2 − (∂µα)2)]+ θ
4π
ǫµν∂µ(cosϕ)∂να (2.18)
This is a variant of the sine-Gordon (SG) Lagrangian with an additional massless field α which
has derivative couplings to the SG field ϕ. The two SUSY vacua found above correspond to the
two sets of zeros of the SG potential, which occur at ϕ = 2nπ and at ϕ = (2n+1)π for integer
n. As α appears only through its derivatives it can take any constant value in the vacuum.
The classical equations of motion coming from (2.18), have a family of solutions of topolog-
ical charge T = 1, with α = ωt and,
ϕ = 2 tan−1
(
exp
√
|m|2 − ω2
)
(2.19)
which are labelled by the real parameter ω with |ω| < |m|. The mass and global charge of the
solution are,
M =
r|m|2√|m|2 − ω2 S = rω√|m|2 − ω2 − θ2π (2.20)
Applying semiclassical Bohr-Sommerfeld quantization to these periodic classical solutions we
find that the allowed values of ω are quantized so that S takes only integer values [2]. Hence
the theory has an infinite tower of ‘dyons’ which carry both topological charges and Noether
charges. The contribution of the vacuum angle θ to the global charge is a two-dimensional
analog of the Witten effect [15] for dyons in four dimensions. Eliminating the variable ω we
find that the soliton mass can be written as
M = |m|
√(
S +
θ
2π
)2
+ r2 (2.21)
¿From the above we learn that the masses of both the dyons and the elementary quanta are
consistent with the BPS mass formula M = |Z| where,
Z = im (S + τT ) (2.22)
The description of the solitons given above and in [2] has a serious drawback: supersymmetry
is not manifest and properties such as BPS saturation of the solutions have to be checked by
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explicit calculation. In particular, we would like to derive the formula (2.22) for the central
charge directly, rather than guessing it from the mass spectrum as we did above. In fact for a
large class of N = (2, 2) models with Lagrangians of Landau-Ginzburg form, the Bogomol’nyi
bound can be derived directly in superspace [16]. As we showed above, the two-dimensional
theory with twisted masses can be be put in this standard form by performing a Rocek-Verlinde
duality transformation. In the case N = 2, N˜ = 0, after imposing the constraint (2.13), the
dual Lagrangian can be written in terms of a single twisted chiral superfield, by setting Λ1 = Λ
and Λ2 = τ − Λ. The resulting Lagrangian is
L =
∫
d4θK[Λ,Λ†] +
∫
d2ϑW(Λ) +
∫
d2ϑ¯ W¯(Λ†) (2.23)
with Ka¨hler potential.
K[Λ] = R (1− logR) + (r −R) (1− log(r −R)) (2.24)
where Λ = iR + Θ/2π. In the following, Λ, R and Θ will denote either the superfield or its
scalar component depending on context. The Ka¨hler metric is,
gΛΛ¯ = −
∂2K
∂Λ∂Λ†
=
r
4R(r −R) (2.25)
and the twisted superpotential W has the simple form W = imΛ/2. The Lagrangian (2.23)
is in fact the most general Lagrangian for a single twisted chiral superfield with at most two
derivatives and we will meet it again with different choices for K and W in the next section.
For this reason we will now give a general derivation of the Bogomol’nyi bound at the same
time as giving the specific formulae which relate to the present choice of K and W.
After integrating out auxiliary fields the bosonic part of the above Lagrangian becomes,
LBose = −gΛΛ¯∂µΛ∂µΛ† − gΛΛ¯
∂W
∂Λ
∂W¯
∂Λ†
= − r
4R(r −R)
[
(∂µR)2 + 1
4π2
(∂µΘ)
2
]
− |m|
2
r
R(r −R) (2.26)
where gΛΛ¯ = 1/gΛΛ¯. We can immediately compare this with the Lagrangian (2.18) for the
bosonic fields ϕ and α and deduce the identifications,
R = r sin2 ϕ
2
∂µΘ = πr sin
2 ϕεµν∂
να (2.27)
The second equality states that the scalar ‘field strengths’ ∂µΘ and ∂µα are related by a two-
dimensional analog of electric-magnetic duality which interchanges equations of motion and
Bianchi identities [11]. The bosonic potential,
U = gΛΛ¯
∂W
∂Λ
∂W¯
∂Λ†
=
|m|2
r
R(r −R) (2.28)
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has zeros at R = 0 and R = r corresponding to the two supersymmetric vacua of the model.
The field Θ can take any constant value in the vacuum as it only its derivatives appear in
the Lagrangian. Note that the zeros of U come from poles in the Ka¨hler metric gΛΛ¯ rather
than zeros of ∂W/∂Λ which is more conventional. This does not indicate any pathology of the
underlying model but rather reflects our choice of coordinates in field space.
We will now consider solitons which interpolate between between distinct vacua at left and
right spatial infinity. Specifically we consider boundary conditions, Λ → 0 as x → −∞ and
Λ → Λ+ = ir + ∆Θ/2π as x → +∞. The mass of such a configuration obeys the following
inequality [16] which hold for any complex constant γ with |γ| = 1,
M =
∫ +∞
−∞
dx
[
gΛΛ¯
∂Λ
∂x
∂Λ†
∂x
+ gΛΛ¯
∂W
∂Λ
∂W¯
∂Λ†
]
=
∫ +∞
−∞
dx
∣∣∣∣∂Λ∂x − γgΛΛ† ∂W¯∂Λ†
∣∣∣∣
2
+
∫ +∞
−∞
dx
[
γ¯
∂W
∂Λ
∂Λ
∂x
+ γ
∂W¯
∂Λ†
∂Λ†
∂x
]
≥ 2Re [γ¯ (W(Λ+)−W(0))] (2.29)
By choosing γ = ∆W/|∆W| with ∆W = W(Λ+) −W(0) we obtain the Bogomol’nyi bound
M ≥ 2|∆W|. This corresponds to a non-zero value for the central charge Z = 2∆W = im∆Λ =
−mr + im∆Θ/2π.
To interpret this formula recall that in the (θ, α) variables we found time-dependent solutions
(2.19) with α = ωt. The identification (2.27) implies that time-dependence of α translates to
x dependence for Θ. An explicit comparison of soliton solutions in the two sets of variables
(ϕ, α) and (R,Θ) is performed in Appendix A, where it is shown that the time-dependent
dyon solutions (2.19) in the first set of variables correspond to static BPS configurations which
saturate the bound (2.29) in the second. In particular the relevant boundary conditions for Θ
are related to the global U(1) charge S as ∆Θ = θ + 2πS. The resulting BPS mass formula is
M = |Z| with central charge Z = 2∆W = im(S + τ) which agrees with (2.22) in the sector
of topological charge T = 1. Note that the fact that S is quantized in integer units, which is
derived from the Bohr-Sommerfeld quantization condition in the (ϕ, α) variables, is not at all
obvious in the (R,Θ) variables. The two descriptions are analogous to the two different choices
of gauge, due to Tomboulis and Woo (TW) [17] and to Julia and Zee (JZ) [18] respectively,
used to describe BPS dyon solutions in four-dimensions. In the TW gauge the dyon solution
has periodic time-dependence, while in the JZ gauge it is static. Similarly, the quantization of
electric charge is obvious in the first gauge but not in the second.
As emphasised above and in [2], the BPS spectrum of the mass-deformed supersymmetric
CP 1 σ-model has strong similarities to that of a gauge theory with extended supersymmetry
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in four-dimensions. This correspondence becomes particularly clear in the (R,Θ) variables
introduced above. To exhibit this connection it is useful to recall another general property of
N = (2, 2) solitons in theories of Landau-Ginzburg type. As shown in [6], the soliton always
follows a particular trajectory in field space: a straight line in the complex W plane which
joins two vacua. In the present case we have W = imΛ/2, so this is equivalent to a straight
line-segment in the complex Λ-plane. This is demonstrated explicitly in Appendix A. The mass
of the resulting BPS state is proportional to the length of this line-segment. As above we set
Λ = iR+Θ/2π and note that vacua occur on the two linesR = 0 and R = r. Further, it follows
from the discussion above that the vacuum values of Θ are also quantized in units of of 2πS.
They can be chosen to lie at Θ = 2πn for R = 0 and Θ = 2πn+ θ for R = r. We now have two
infinite rows of vacua in the complex Λ-plane and each BPS state, including both elementary
particles and dyons as well as the corresponding charge-conjugate states, is associated with a
line segment joining two vacua. The mass of each state is the length of the line segment. This
is essentially identical to the classical charge lattice of BPS states of a four-dimensional N = 2
theory6 with gauge group SU(2), where we identify the quantum numbers S and T correspond
to the electric and magnetic charges respectively. Interestingly, the BPS charge lattice which is
an abstraction in the four-dimensional context, acquires direct physical significance as a lattice
of vacua in field space in the two dimensional theory.
We now turn to the BPS soliton spectrum for the models with general N and N˜ . Some
partial results for arbitrary N and N˜ = 0 were given in [2]. In the general case (with r > 0),
the central charge of the classical theory is given by,
Z = ZS + ZT = i
N∑
i=1
mi(Si + τTi) + i
N˜∑
i˜=1
m˜i˜S˜i˜ (2.30)
In addition to the spectrum of BPS saturated elementary particles described above, there are
BPS solitons interpolating between each pair of vacua Vl and Vk. The (time-independent)
soliton solutions are obtained by a simple embedding of the CP 1 soliton (2.17) and (2.19) by
taking
w
(l)
k (x) = exp ±|ml −mk|x (2.31)
where w
(l)
k is the scalar component of the superfield W
(l)
k introduced above. This soliton carries
topological charge Ti = ±δil ∓ δik. Each of these solitons yields an infinite tower of dyons
which also carry global charges Si = STi with integer S. However, this is not the complete
story since the soliton can also form bound-states with the various fermions in the theory. The
6Recall that only BPS states of magnetic charge 0,±1 occur in SU(2) N = 2 supersymmetric Yang-Mills
theory. Each of these states corresponds to a vector joining two vacua in the complex Λ plane.
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soliton has an associated fermion ψ
(l)
k , the superpartner of w
(l)
k , which possesses two zero-modes
in the background of the soliton (2.31), this is true even in the CP 1 case [2]. These zero-
modes are associated to fermionic creation operators which create states that fill out the BPS
supermultiplet of the soliton. In the CP 1 model this is the complete story; however, for the
more general models there are more fermion fields and the possibility of more bound-states
exists.
In particular, the (time-independent) Dirac equation of the two-component fermion fields
ψ
(l)
j , j 6= k, and ψ˜(l)j˜ is non-trivial in the soliton background:( |m′| sinα i∂x + i|m′| cosα− 2i|m|ρ−1w2
i∂x − i|m′| cosα −|m′| sinα
)
ψ = Eψ (2.32)
where α = arg(m′/m). In the above, w = exp |m|x is the soliton solution, with topological
charge Ti = δil− δik, m = ml−mk and ψ is one of the fermion fields ψ(l)j , or ψ˜(l)j˜ , with m′ equal
to ml −mj and ml − m˜j˜ , respectively. The equation admits a normalizable solution, namely
ψ =
(
1
0
)
exp(|m′| cosαx) (2.33)
with energy E = |m′| sinα, as long as
0 < |m′| cosα < |m| , i.e. 0 < Re
(
m′
m
)
< 1 (2.34)
In the standard picture of semi-classical quantization, this normalizable mode is then associated
with a fermion creation and annihilation operator, ρ and ρ†, with the usual anti-commutation
relation {ρ, ρ†} = 1. The soliton carries the two-dimensional Fock space representation of these
operators, i.e. it can exist in the vacuum state |0〉, the original soliton, and the bound-state
ρ†|0〉. Since the fermion mode carries an energy |m′| sinα, the bound-state has a different mass
than the soliton M = |iτm|. However, the bound-state is still a BPS state because the fermion
mode contributes to the central charge. The argument goes as follows: the bound-state has
central charge Z = iτm+ im′ and therefore to be a BPS state the mass should be
Mb.s. = |iτm+m′| = |iτm| + |m′| sinα + · · · (2.35)
The first term is the mass of the soliton and the second is the energy of the fermion mode and
the higher term are suppressed in r−1. So to leading order in r−1, the bound-state is indeed
a BPS state. The corrections in r−1 arise from the back-reaction of the fermion field on the
soliton that we have ignored in our leading-order analysis. At the boundaries of the region
where the fermion mode becomes non-normalizable, the bound-state will decay into a soliton
and a fundamental fermion.
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We can now build up the following picture of the spectrum of topologically charged BPS
states. For a soliton of topological charge Ti = δil − δik, there is tower of dyon states with
Si = STi. In addition, for each state of the tower there are bound-state with fermions:
(1) With ψ
(l)
j in the region
0 < Re
(
ml −mj
ml −mk
)
< 1 (2.36)
The bound-state has Si = STi+δil−δij and S˜i˜ = 0. At the boundary Re(ml−mj/ml−mk) = 0
the bound-state decays to the soliton with Si = STi and the fundamental fermion with Si =
δil − δij and S˜i˜ = 0, while at the other boundary Re(ml −mj/ml −mk) = 1 the bound-state
decays to the soliton with Si = (S + 1)Ti and the fundamental fermion with Si = δik − δij and
S˜i˜ = 0.
(2) With ψ˜
(l)
j˜
in the region
0 < Re
(
ml − m˜j˜
ml −mk
)
< 1 (2.37)
The bound-state has Si = STi+ δil and S˜i˜ = −δi˜j˜ . At the boundary Re(ml− m˜j˜/ml−mk) = 0
the bound state decays to the soliton with Si = STi and the fundamental fermion with Si = δil
and S˜i˜ = −δi˜j˜ , while at the other boundary Re(ml − m˜j˜/ml −mk) = 1 the bound state decays
to the soliton with Si = (S + 1)Ti and the fundamental fermion with Si = δik and S˜i˜ = −δi˜j˜.
In overlapping regions (2.36) and (2.37), for a number of different fermions {j1, . . . , jp, j˜1, . . . , j˜s}
there will be multiple bound-states carrying global charges
Si = STi + (p+ s)δil − δij1 − · · · − δijp , S˜i˜ = −δi˜j˜1 − · · · − δi˜j˜s (2.38)
3 Theory A: Quantum Effects
In this section we consider how the classical BPS spectrum of Theory A, obtained in the previous
section, is modified by quantum corrections. One particularly important quantum effect, which
arises at one loop, is the logarithmic running of the of the FI parameter. When all twisted
masses are set to zero,
r(µ) = r0 − (N − N˜)
4π
log
(
M2UV
µ2
)
(3.1)
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where r(µ) is the renormalized FI parameter, defined at the scale µ, and MUV is a UV cut-off.
The bare FI parameter, r0, is equal to the renormalized FI parameter, r(µ), evaluated at the
cut-off scale µ = MUV . In the limit e → ∞, the theory reduces to a supersymmetric σ-model
with target space MH as described in the previous section. The running coupling of the σ-
model is related to the FI parameter as g(µ) =
√
2/r(µ). We will assume that r0 ≫ 0 so that
the resulting σ-model is weakly-coupled at the cutoff scale. As usual the running coupling may
be eliminated in favour of an RG invariant scale defined by,
Λ = µ exp
(
−2πr(µ)
N − N˜
)
(3.2)
The sign of the σ-model β-function depends on the sign of N − N˜ . If N > N˜ then the
theory is asymptotically free and, in the absence of twisted masses, will run to strong coupling
at low energies. This, for example, is the behaviour of the supersymmetric CPN−1 σ-model.
As explained in [2], this behaviour is modified when non-zero twisted masses are introduced.
The running of the coupling is driven by quantum fluctuations of the light chiral multiplets
which appear in the σ-model Lagrangian. All these fields decouple at energy scales below
some scale M which is roughly the twisted mass of the lightest chiral multiplet. The running
coupling is therefore frozen below this energy scale. Provided we choose twisted masses such
that |mi−mj | ≫ Λ for enough pairs i and j, then the resulting σ-model will be weakly coupled
at all energies. On the other hand, if N < N˜ , then the σ-model is IR free. Such a theory
may however suffer from a Landau pole in the UV, and should usually only be considered as a
low-energy effective theory valid below the mass scale Λ which may be much lower than MUV .
Finally, the massless theory with N = N˜ has vanishing beta-function and is therefore scale
invariant. We will henceforth restrict our attention to the asymptotically free case N > N˜
unless otherwise stated.
Another important effect which arises at one-loop is an anomaly which breaks the U(1)A
R-symmetry down to Z2N−2N˜ . In the absence of twisted masses this means that the bare
θ-parameter can be set to zero by a U(1)A rotation of the fields. However, even if the bare
parameter is set to zero the theory will still have an effective vacuum angle at low energy. If
the twisted masses are non-zero then the U(1)A symmetry is already explicitly broken to Z2
at the classical level. As discussed in [2], the one-loop effects of the running coupling and the
anomaly are equivalent to a holomorphic renormalization of the complex coupling τ . In the
CP 1 case described in the previous section this amounts to replacing τ by,
τeff = ireff + θeff/2π =
i
π
log
(m
Λ
)
(3.3)
When this replacement is combined with the θ-dependent shift in global U(1) charge of the
dyons described above, it leads to a non-trivial monodromy in the dyon spectrum which is a
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close analog of the weak-coupling monodromy of the BPS spectrum of an N = 2 theory in four
dimensions.
So far we have only discussed the spectrum in the IR limit e→ ∞ when the gauge theory
we started with reduces to a non-linear σ-model. As long as the twisted masses are large and
the σ-model is weakly coupled, this limit is convenient for determining the BPS spectrum.
However for more general values of the twisted masses, the σ-model becomes strongly coupled
and a new approach is required. A key property of theories with N = (2, 2) supersymmetry
in two dimensions is that the masses of BPS states are effectively determined by the F-terms
in the superspace Lagrangian. As the two dimensional gauge coupling e only appears in the
gauge multiplet kinetic term, which is a D-term, it follows that the masses of BPS states
are actually independent of e. This suggests a completely different regime in which we may
attempt to determine the BPS spectrum. When e is much less than the other mass scales in
the problem we should be able to determine the BPS spectrum using ordinary perturbation
theory. Note that perturbation theory in the two-dimensional gauge coupling is quite distinct
from the perturbation theory in the σ-model coupling used above.
Following [10], we consider the effective Lagrangian along the ‘Coulomb branch’ φi = φ˜i˜ = 0
with σ unconstrained. As discussed in the previous section, the are no classical SUSY vacua
on this branch unless r = 0. However, even at weak coupling, this conclusion can be altered
by quantum effects. As long as e is much less than each of the scales |σ+mi|, |σ + m˜i˜| and Λ,
we have a theory of a light U(1) gauge multiplet weakly coupled to massive chiral multiplets.
In this case we may integrate out the chiral multiplets and get an effective Lagrangian for the
gauge degrees of freedom of the form,
Leff =
∫
d4ϑ Keff [Σ,Σ†] +
∫
d2ϑ Weff [Σ] +
∫
d2ϑ¯ W¯eff [Σ†] (3.4)
A one-loop calculation of the effective twisted superpotential yields [1],
Weff = i
2
τˆΣ− 1
4π
N∑
i=1
(Σ +mi) log
(
2
µ
(Σ +mi)
)
+
1
4π
N˜∑
i˜=1
(Σ + m˜i˜) log
(
−2
µ
(Σ + m˜i˜)
)
(3.5)
Here, the complexified coupling constant τˆ is equal to ir(µ)+ θ/2π+n∗ where the integer n∗ is
chosen to minimize the potential energy. As explained in [10], this minimization of the potential
reflects the fact that a non-zero value of the θ parameter in two-dimensions corresponds to a
constant background electric field [19]. The states of the system with n 6= n∗, are unstable
to pair creation of charged particles which screens the background field leaving the state with
N = n∗. In fact there are various arguments which suggest that this is the exact twisted
superpotential [20, 6]. In any case, we will always take e sufficiently small so that the twisted
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superpotential is reliable. In general the only points where this effective description may break
down even at small e are the points σ = −mi and σ = −m˜i˜ where we will find that extra light
degrees of freedom must be included.
The potential energy of the effective theory is,
U = gΣΣ¯
∣∣∣∣∂Weff∂Σ
∣∣∣∣
2
(3.6)
where gΣΣ¯ = (gΣΣ¯)
−1 is the inverse of the Ka¨hler metric,
gΣΣ¯ = −
∂2Keff
∂Σ∂Σ†
(3.7)
At weak coupling, corrections to the tree level Ka¨hler potential Ktree = Σ†Σ/4e2, are small an
we can safely assume that the metric does not have poles or zeros in the region of field space
where our approximations are valid. Thus the supersymmetric vacua of the theory are in one
to one correspondence with the zeros of ∂W/∂Σ and are therefore determined by the complex
equation, ∏N
i=1(σ +mi)∏N˜
i˜=1(σ + m˜i˜)
= Λ˜N−N˜ (3.8)
where Λ˜ = 1
2
(−1)N˜/(N−N˜)Λ exp(−1 + iθ/(N − N˜)). Provided the numerator and denominator
on the LHS of (3.8) do not have common zeros, the equation becomes,
N∏
i=1
(σ +mi)− Λ˜N−N˜
N˜∏
i˜=1
(σ + m˜i˜) =
N∏
i=1
(σ − ei) = 0 (3.9)
Thus there are N supersymmetric vacua located at σ = ei for i = 1, . . . , N . As above, we have
assumed that N > N˜ . For |mi −mj | ≫ Λ, these vacua coincide with the N classical vacua Vi,
located at the points σ = −mi, defined in the previous section.
We now consider a BPS saturated soliton obeying the boundary conditions, σ → ek as
x → −∞ and σ → el as x → +∞. As the effective Lagrangian is of the standard Landau-
Ginzburg form discussed in the previous section we may apply the general BPS mass formula
obtained there. Thus, the soliton mass is given byMkl = |Zkl| where Zkl = 2∆Weff = 2Weff(el)−
2Weff(ek). A short calculation reveals that,
Zkl =
1
2π

(N − N˜)(el − ek)− N∑
i=1
mi log
(
el +mi
ek +mi
)
+
N˜∑
i˜=1
m˜i˜ log
(
el + m˜i˜
ek + m˜i˜
) (3.10)
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For non-zero twisted masses, the branch-cuts in the logarithms appearing in (3.10) lead to an
ambiguity in the BPS spectrum. In particular the ambiguity in the central charge is equal to
i
∑N
i=1mini + i
∑N˜
i˜=1 m˜i˜n˜i˜ where the choice of integers ni and n˜i˜ corresponds to a choice of
branch for each of the N + N˜ logarithms in (3.10). As explained by Hanany and Hori in [1],
this ambiguity signals the fact that solitons can carry integer values of the global U(1) charges
Si, S˜i˜ in addition to their topological charges. This is related to the existence of BPS dyons
at weak-coupling discussed in the previous sections. Including this effect, the final formula for
the masses of all BPS states in the theory is M = |Z| with, charge is
Z = i
N∑
i=1
(miSi +mDiTi) + i
N˜∑
i˜=1
m˜i˜S˜i˜ (3.11)
which differs from the classical formula (2.30) of the previous section by the replacement of
mclDi = τmi by
mDi = −2iWeff(ei) = 1
2πi

(N − N˜)ei − N∑
j=1
mj log(ei +mj) +
N˜∑
j˜=1
m˜j˜ log(ei + m˜j˜)

 (3.12)
For |mi−mj | ≫ Λ, this formula can be directly compared with the results of the semiclassical
analysis given in the previous sections. In this limit, the replacement τ → τeff = ∂W/∂σ
reproduces the one-loop holomorphic renormalization of τ , given above by (3.3) in the CP 1
case, while in the general case the semi-classical limit is
mDi → 1
2πi

−(N − N˜)mi − N∑
j=1
(mj −mi) log
(
mj −mi
Λ˜
)
+
N˜∑
j˜=1
(m˜j˜ −mi) log
(
m˜j˜ −mi
Λ˜
)
(3.13)
For particular values of the twisted masses there are various singular points which can be
compared with the corresponding singular points in the classical theory. For example, in the
previous section we discovered that if two twisted masses mi and mj coincide in the classical
theory, then the chiral multiplets φi and φj are both massless at σ = −m1 = −m2 giving a
Higgs branch which is a copy of CP 1. As the resulting low-energy σ-model is strongly coupled
in the IR we should expect that quantum effects modify this singularity. As explained in [2], the
classical singular pointm = mi−mj = 0, is split into a pair of singular points at which the vacua
ei and ej coincide. At each of these singular points a single chiral multiplet, corresponding to
the soliton which interpolates between the vacua Vi and Vj , becomes massless. A single massless
chiral multiplet does not yield a continuous Higgs branch and, in particular, does not result in
a massless Goldstone boson. Thus there is no conflict with the usual restrictions on massless
particles in two dimensions [13].
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In the present case we can also consider what happens if chiral multiplets of opposite charge
become massless. In the classical theory this happens if mi = m˜j˜ for some i and j˜. As in the
previous case this gives a Higgs branch of complex dimension one at σ = −mi = −m˜j˜ . However
the present Higgs branch has zero first Chern class and the corresponding low-energy σ-model
is scale-invariant. In this case we might reasonably expect the Higgs branch to remain in the
full quantum theory. The massless theory on the Higgs branch could either be a free theory
or, perhaps, a non-trivial CFT7. In equation (3.8), which determines the exact location of the
Coulomb branch vacua, something interesting happens whenever mi = m˜j˜ for some i and j˜:
the numerator and denominator have a common zero and a cancellation occurs. The degree
of the polynomial (3.9) is then lowered by one and it appears that one of the supersymmetric
vacua has disappeared. If this were true it would, certainly contradict standard properties of
the Witten index. The resolution is simply that, as in the classical theory, a non-compact Higgs
branch appears at σ = −mi. The effective FI parameter on this branch is determined by the
twisted superpotential,
τeff =
∂W
∂σ
∣∣∣∣
σ=−mi
(3.14)
It is also useful to note that, as the two massless chiral multiplets Φi and Φ˜j have opposite
charges, we can introduce a complex mass mˆij˜ by including a superpotential of the form (2.2).
This lifts the Higgs branch completely and, in this case, we are left with only N − 1 Coulomb
branch vacua. This is particularly clear in the IIA brane picture described in Section 5. A
contradiction with the Witten index is avoided because the transition from theory with N
vacua to one with N−1, always goes via the singular point in parameter space where mi = m˜j˜,
mˆij˜ = 0. At this point we have flat directions on the Higgs branch and the Witten index is not
defined.
The masses of topologically non-trivial BPS states are patently not single valued as one
tracks their mass, as a function of the parameters mi and m˜i˜, around one of the singularities
described above: there is non-trivial monodromy. To make this concrete we can choose a
particular branch of the multi-valued functions (3.13) and then interpret the monodromy as
transformations on the charges as one crosses a cut. Around the singularity mj = ml the
transformation is
Ti → Ti, Si → Si + δil − δij , S˜i˜ → S˜i˜ (3.15)
while around the second kind of singularity m˜j˜ = ml
Ti → Ti, Si → Si + δil, S˜i˜ → S˜i˜ − δi˜j˜ (3.16)
7Neither of these possibilities is in conflict with the absence of Goldstone bosons in two-dimensions.
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It is easy to see that if j 6= k in (3.15) and for any j˜ in (3.16), repeated application of these
transformations does not preserve the semi-classical spectrum. For instance, for the states
with Ti = δil − δik and Si = STi, for integer S, the monodromy transformation around the
singularity mj = ml, j 6= k, l, induces Si → STi + δil − δij , which is a state in the spectrum in
the region (2.36). However, a further such transformation gives Si → STi + 2δil − 2δij which
is not commensurate with the semi-classical spectrum. The resolution of this paradox, is that
the contour around the singularity mj = ml passes through a curve of marginal stability on
which the state decays into two other topologically charged states with charges T
(1)
i = δil− δij,
S
(1)
i = (S+2)T
(1)
i and T
(2)
i = δij−δik, S(2)i = ST (2)i . Notice that this kind of decay is in addition
to the soliton decay to soliton plus fundamental fermion that we saw in the last section. If
we think of the masses mi and m˜i˜ as a set of points in the complex plane, then the curve
of marginal stability is identified with configurations of points where mj lies on the straight
line joining mk and ml. On the curve, the simple semi-classical analysis of section 2 must be
re-evaluated because the moduli space of the charge Ti = δil − δik soliton is larger than that
of the embedded CP 1 soliton. The enlarged moduli space of solutions, can be interpreted as
two superposed solitons with charges T
(1)
i and T
(2)
i , above, and the original soliton decays at
threshold into these two constituents. This mechanism for decay is precisely the same as that
seen for dyons at weak coupling in supersymmetric gauge theories [23, 24].
So far we have determined the exact mass formula for BPS states with arbitrary global and
topological charges. However, except in the weak-coupling limit of the low-energy σ-model,
we do not know which states are present in the theory. In general, as we vary the parameters
appearing in the twisted superpotential, we may cross curves of marginal stability on which
BPS states can decay. Even in the simplest case of target space CP 1, the existence of such
curves was demonstrated in [2]. Fortunately there is a special point in parameter space where
we may determine the exact BPS spectrum. We first consider the case N˜ = 0. If we set all
twisted masses to zero, we have the standard supersymmetric CPN−1 σ-model. This theory is
integrable and its exact spectrum and S-matrix are known. Also, at this point only, the model
has an unbroken SU(N) global symmetry and the BPS states are organised in multiplets of
this symmetry. To make contact with the analysis of the twisted superpotential we note that,
for N˜ = 0 and mi = 0 the complex equation (3.8) reduces to σ
N = Λ˜N . The vacua ek,
k = 1, 2, . . . , N are then located at the vertices of a regular N -gon in the complex σ-plane,
ek = Λ˜ exp
(
2πik
N
)
(3.17)
As the twisted masses vanish, the theory has a Z2N symmetry which is spontaneously broken
to Z2 by the VEV of σ. The ZN symmetry of the N -gon comes from the quotient Z2N/Z2.
According to (3.10), the mass of a soliton interpolating between the vacua with σ = el and
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σ = ek is Mk,l = |2∆Weff |. Because of the ZN symmetry this only depends on the difference
p = l − k. The resulting mass is
Mk,l =
N
π
∣∣∣∣exp
(
2πip
N
)
− 1
∣∣∣∣ Λ˜ (3.18)
It is also known [6] that for p = 1, 2 . . .N the degeneracy of BPS states is,
Dp =
(
N
p
)
(3.19)
The lightest soliton states with p = 1 and degeneracy N are interpreted as the elementary
quanta of the the chiral fields Φi [21]. In fact they carry charge +1 under the unbroken U(1)
gauge symmetry. These states transform in the fundamental representation of the flavour sym-
metry group SU(N). The states with p > 1 correspond to stable bound states of p different
flavours of elementary quanta and therefore transform in the p’th antisymmetric tensor repre-
sentation of SU(N) which agrees with the degeneracy Dp in (3.19). These are the only BPS
states of the model. The complete BPS spectrum of the supersymmetric CPN−1 σ-model ob-
tained in this way, including both the fundamental solitons and their boundstates, is consistent
with various exact results which can be obtained by invoking the integrability of the model.
In the vicinity of the strong coupling point, where all the massesmi are small, the degeneracy
of the states is broken and the states with a topological charge Ti = δil − δik are associated
to Dp different contours in the σ-plane which join the points el and ek. As explained in [1],
the different contours can be constructed from some base contour joining el and ek, by taking
the contours which differ from this by encircling, in a positive sense, the p distinct points mja,
a = 1, . . . , p, chosen from the set {mi}. This gives rise to precisely Dp different states with
global charge
Si = Ni − δij1 − · · · − δijp (3.20)
where Ni is some fixed set of integers which depends upon the choice of branch for the multi-
valued function mDi. This preferred set of contours can be shown to arise very naturally from
the Type IIA string description of the model [1].
We can now compare the strong coupling and weak coupling spectra. It is clear that, as in
the CP 1 case, there are an a infinite number of states at weak coupling while the set of states
at strong coupling is finite. This implies that semi-classical regime must be separated from the
strong coupling regime by curves on which almost all of the weak coupling states decay. This
is familiar from the behaviour of dyon states in SU(2) N = 2 SQCD [7]. Moreover, as in gauge
theory case, the strong coupling states are a subset of the weak coupling states since states
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with global charge (3.20) are realized in some region of the moduli space at weak coupling, as
bound-states of the soliton with fermions (2.38).
Finally, we will consider the theory without twisted masses in the more general case of
arbitrary N and N˜ . In this case there is a cancellation of a factor of σN˜ between the numerator
and denominator of (3.8). As discussed above this indicates the presence of a non-compact
Higgs branch at σ = 0. As N˜ chiral multiplets of each charge become massless at this point
the Higgs branch has complex dimension 2N˜ − 1. After the cancellation the equation which
determines the supersymmetric vacua reduces to σN−N˜ = Λ˜N−N˜ . This is the same equation
which arises in the case of the supersymmetric CPN−N˜−1 σ-model with zero twisted masses.
This is not a coincidence; we can lift the Higgs branch by introducing suitable complex mass
terms. As complex masses can be thought of as the scalar components of background chiral
superfields they cannot modify the twisted superpotential which determines the soliton masses.
By taking the complex masses large we can decouple the N˜ chiral multiplets whose VEVs
parametrize the Higgs branch and the resulting theory theory has N − N˜ chiral multiplets of
charge +1 under U(1)G and none of charge −1. The theory then reduces to the supersymmetric
CPN−N˜ σ-model at low-energy. As for the N˜ = 0 models discussed above, the strong coupling
spectrum contains a subset of the states that appear at weak coupling.
We will now briefly summarize our results for Theory A. The exact central charge of the
theory is defined by (3.11) and (3.12). This formula is valid for all e and it applies equally in the
σ-model limit e→∞. If enough of the twisted mass differences |mi−mj | are much greater than
|Λ|, the low-energy σ-model is weakly coupled and the BPS spectrum is essentially that of the
classical theory described in the previous section. In particular the BPS spectrum in the region
consists of elementary particles, kinks which interpolate between each pair of vacua, and an
infinite tower of dyons associated with each kink. There are also soliton-fermion boundstates.
On the other hand we have also determined the BPS spectrum for the theory with zero twisted
masses. In this case we find, 2N˜−1 massless chiral multiplets on the Higgs branch while on the
Coulomb branch there are N − N˜ supersymmetric vacua and a spectrum of massive solitons
identical to that of the supersymmetric CPN−N˜−1 model. The model with zero twisted masses
has a global SU(N − N˜)× U(N˜) symmetry and non-anomalous Z2N−2N˜ R-symmetry which is
spontaneously broken to Z2. Introducing complex masses lifts the Higgs branch but does not
change the Coulomb branch vacua or the BPS soliton mass. On the other hand, introducing
non-zero twisted masses breaks the global SU(N − N˜) symmetry. If the masses are small the
only effect is to introduce small mass splittings in the multiplets described above. However, as
the masses are increased the theory can cross curves of marginal stability on which the BPS
spectrum can change. In fact, the presence of such curves is certainly required to explain the
difference between the strong coupling spectrum obtained here which has a finite number of
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BPS states and the weak coupling spectrum which has an infinite number.
4 Theory B
We turn now to the spectra of the four-dimensional theories described in the introduction.
Hence we will consider N = 2 SQCD with N colours and Nf > N fundamental hypermultiplets
with masses mλ for λ = 1, . . . , Nf . This theory has received a great deal of attention in recent
years and we need only be brief. The bosonic field content of Theory B consists of an SU(N)
gauge field and a single complex scalar, φ, transforming in the adjoint representation of the
gauge group. A further Nf complex scalars, denoted Q
λ
a , with a = 1, . . . , N , transform in
the fundamental representation of the gauge group and Nf complex scalars, Q˜
a
λ, in the anti-
fundamental representation.
The moduli space of supersymmetric vacua is found by solving the classical D- and F-
term equations. A detailed description of the various branches which occur was given in [4]
and we will now summarize the relevant results. The classical theory has a Coulomb branch
on which the adjoint scalar VEV lies in the Cartan subalgebra of the gauge group: φ =
diag(φ1, . . . , φN) with
∑N
a=1 φa = 0. The complex variables φa, with a = 1, . . . , N , parametrize
gauge-inequivalent vacua, modulo the Weyl group of SU(N). The theory also has various Higgs
branches which are characterised as ‘baryonic’ or ‘non-baryonic’, depending on whether or not
there is a non-vanishing VEV of the gauge invariant operators,
Bλ1...λN = Qλ1a1 . . . Q
λN
aN
ǫa1...aN
B˜λ1...λN = Q˜
a1
λ1
. . . Q˜aNλN ǫa1...aN .
Non-baryonic branches have B = B˜ = 0 and are parametrized instead by the gauge-invariant
‘mesons’ Mλρ = Q
a
ρQ˜
λ
a. The classical Coulomb branch is corrected by quantum effects while
the Higgs branches, being protected by a non-renormalization theorem, are not. The Higgs
branches intersect the Coulomb branch at singular points where extra degrees of freedom be-
come massless. Although the Higgs branches themselves are not corrected, their intersection
with the Coulomb branch may be different in the classical and quantum theories.
In the present context we are interested in the theory at the root of its first baryonic branch.
In the classical theory with vanishing masses, mλ = 0, this branch has quaternionic dimension
NfN − N2 + 1 and emanates from the origin of the Coulomb branch. When non-zero masses
are introduced we must solve the modified F-term equations,
Qλa(mλ + φa) = Q˜
a
λ(mλ + φa) = 0 No summation over λ or a. (4.1)
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In order for the scalars to satisfy (4.1) while still having non-vanishing expectation value for
B and B˜, the adjoint scalar VEVs must take values φa = −mλ(a), where {mλ(a)} is a set of
N masses chosen from the mλ, λ = 1, . . . , Nf . Up to Weyl group transformations, there are
Nf choose N possible sets and each choice gives a baryonic root from which a Higgs branch
of complex dimension one may emanate. To choose a particular root, we will label the masses
as mλ = mi for λ = i = 1, . . . , N and mλ = m˜i˜ with λ = i˜ + N for i˜ = 1, . . . , N˜ = Nf − N
and then set φa = −miδia. This solution is only consistent with the tracelessness of the adjoint
representation of SU(N) if we have
∑N
i=1mi = 0. As discussed in the introduction the masses
mi and m˜i˜ will be identified with the twisted masses of Theory A which carry the same indices.
At a generic point on its Coulomb branch, the four-dimensional theory has classical central
charge,
Z =
N∑
a=1
φa(qa + τha) +
Nf∑
λ=1
mλsλ (4.2)
where τ = 4πi/g2+θ/2π is the complexified gauge coupling and qa, ha and sλ are integer valued
electric, magnetic and global charges respectively. Specializing this expression to the baryonic
root defined above we may rewrite the central charge as,
Z =
N∑
i=1
mi(Si + τTi) +
N˜∑
i˜=1
m˜i˜S˜i˜ (4.3)
where we have redefined charges as Si = −sa − qa and Ti = −ha for i = a = 1, . . . , N and
S˜i˜ = −si˜+N for i˜ = 1, . . . , N˜ . Note that the electric charges become parallel to a subset of
the global charges at the baryonic root and we have absorbed them with an integer shift in
the definition of the global generators. The resulting expression for the classical central charge
exactly matches its two-dimensional counterpart (2.30)
Let us now consider which values of the charges Si, S˜i and Ti occur in the four dimensional
theory. We will consider N = 2 vector multiplets and hypermultiplets in turn. At a generic
point on the Coulomb branch the theory includes N − 1 massless abelian vector multiplets
which correspond to the unbroken U(1)N−1 gauge symmetry. The remaining generators of the
gauge group give N(N −1) massive vector multiplets which carry non-zero electric charges. At
the baryonic root the charges which arise correspond to Si = δik − δij for each k 6= j Thus we
have N(N −1) vector multiplets with distinct masses |mk−mj |. The spectrum at the baryonic
root also contains N massless quark hypermultiplets whose scalar components are Qλ=ia=i and
Q˜λ=ia=i for i = 1, . . .N . These states have non-zero electric charges qa=i and non-zero global
charges sλ=i which cancel to give Si = 0. These massless quarks each acquire non-zero VEVs
on the baryonic branch itself.
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Finally, and most importantly in the present context, Theory B also has a diverse spectrum
of massive hypermultiplets which includes quarks, monopoles and dyons. These massive quark
states correspond to the remaining components of the hypermultiplets which carry electric
charges qa=i and global charges sλ=i and yield non-zero values of Si and S˜i˜. The resulting
spectrum includes N(N − 1) states with charges Si = δik − δij and S˜i˜ = 0 which have masses
|mk −mj | as well as N(Nf −N) states with charges Si = δik and S˜i˜ = −δi˜j˜ which have masses
|mk − m˜j˜ |. The total number of massive quark hypermultiplets is therefore N(Nf − 1) =
N(N + N˜ − 1). This agrees with the classical spectrum of elementary particles of Theory A.
All further BPS states have non-zero magnetic charge. While the existence of classical
solutions in various topological sectors is well known, the existence of quantum bound states is
more problematic. For systems with a single Higgs field or, equivalently, for real adjoint Higgs
VEVs, φa, this requires detailed knowledge of the monopole moduli spaces for higher rank
gauge groups (see for example [22]). However, as first discussed in [23], the situation simplifies
greatly for generic complex VEVs and semi-classical quantization reduces to the corresponding
problem with all fields restricted to SU(2) subgroups of the gauge group. The spectrum arising
from each subgroup can then be determined using a variety of methods [25, 26, 7]. The resulting
monopole spectrum contains N(N − 1) different states with magnetic charges Ti = δil − δik for
each l 6= k and with masses 4π|ml−mk|/g2, in agreement with the classical soliton spectrum of
Theory A. In addition to these purely magnetic states, the spectrum also contains an infinite
tower of dyons associated to each of the SU(2) subgroups and with charges Si = STi for integer
values of S. Once again, this coincides with the excited soliton spectrum of Theory A.
However, just as for Theory A, this is not the whole story because dyons can form bound-
states with quarks. To our knowledge, the spectrum of such states has not been constructed
in the literature and so to this we devote Appendix B. The results are as follows. We work
at a generic point in the moduli space, so that the moduli space of a monopole is that of a
monopole in an SU(2) gauge theory. At the baryonic root, we find the following spectrum of
bound-states of quarks with the dyon having charges Ti = δil − δik and Si = STi:
(1) With the quark with charges Si = δil − δij and S˜i˜ = 0 in the region
0 < Re
(
ml −mj
ml −mk
)
< 1 (4.4)
(2) With the quark with charges Si = δil and S˜i˜ = −δi˜j˜ in the region
0 < Re
(
ml − m˜j˜
ml −mk
)
< 1 (4.5)
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Notice that the bound-states have exactly the same quantum numbers as the soliton fermion
bound-states in Theory A and moreover regions (4.4) and (4.5) are precisely the same as regions
(2.36) and (2.37), respectively. At the boundary the bound-state will decay to a dyon and a
quark in exactly the same way as in Theory A. We conclude from this that the weak coupling
spectrum of topologically charged BPS states is identical in Theory A and B.
While we have shown classical agreement between the masses of the BPS massive hyper-
multiplet spectrum of Theory B and the the BPS spectrum of Theory A, the spectrum and
low-energy interactions of the four-dimensional N = 2 supersymmetric gauge theory are cor-
rected by quantum effects. In the asymptotically free case Nf < 2N the coupling constant
runs at one loop and the complex classical parameter τ is replaced by the RG invariant scale
Λ. The theory also has an anomaly in the U(1) part of the R-symmetry group which is bro-
ken to Z4N−2Nf . This residual discrete symmetry is explicitly broken down to Z2 for non-zero
hypermultiplet masses. At the baryonic root, Theory B is described by the degenerate elliptic
curve,
F (t, v) =

tΛN−Nf Nf−N∏
i˜=1
(v − m˜i˜)−
N∏
i=1
(v −mi)

(t− ΛN) (4.6)
This is equivalent to the curve describing the baryonic root given in [4]. All parameters and
variables in the curve have even charge under Z4N−2Nf and thus, as in [4], the effective symmetry
of the curve is the Z2 quotient Z2N−Nf = ZN−N˜ . This form of the curve occurs naturally in the
M-theory construction of [3] which we review in Section 5. The curve is branched over the N
points ei, with i = 1, 2, . . . , N , defined by,
N∏
i=1
(v +mi)− ΛN−N˜
N˜∏
i˜=1
(v + m˜i˜) =
N∏
i=1
(v − ei) = 0 (4.7)
Note that this is the same as equation (3.9) which determines the critical points of the twisted
superpotential of Theory A.
As in Theory A, the case of vanishing masses mi = m˜i˜ = 0 will be of particular interest.
In this case, the low-energy theory at the baryonic root has an unbroken SU(N˜) × U(1)N−N˜
gauge symmetry [4] with Nf massless flavours in the fundamental representation of SU(N˜).
Thus the spectrum of the theory includes the corresponding massless quarks and gluons. This
is consistent because the condition Nf = N + N˜ < 2N which guarantees that the microscopic
theory is asymptotically free, implies that Nf > 2N˜ , which ensures that the low-energy theory
is IR free. The massless spectrum at this point also includes N − N˜ hypermultiplets which
are neutral under the non-abelian factor of the unbroken gauge group. The theory with zero
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masses also has an unbroken SU(N − N˜) global symmetry and a Z2N−2N˜ R-symmetry which
is unbroken at the baryonic root.
In the quantum theory the central charge is given by the integral of the Seiberg-Witten
differential λSW = vd(log t) over certain one cycles of the curve. The resulting modification of
the classical formula (4.3) is
Z =
N∑
i=1
(miSi +mDiTi) +
N˜∑
i˜=1
m˜i˜S˜i˜ (4.8)
with
mDl −mDk = 1
2πi
∫ el
ek
dλSW =
1
2πi
∫ el
ek
v
dt
t
(4.9)
which gives
mDl −mDk = 1
2π

 N∑
i=1
∫ el
ek
v dv
v +mi
−
N˜∑
i˜=1
∫ el
ek
v dv
v + m˜i˜


=
1
2π

(N − N˜)(el − ek)− N∑
i=1
mi log
(
el +mi
ek +mi
)
+
N˜∑
i˜=1
m˜i˜ log
(
el + m˜i˜
ek + m˜i˜
)
(4.10)
Thus we have shown that the central charge of Theory B agrees with the exact central charge
(3.11,3.12) of Theory A in the previous section.
Although we have complete agreement between the central charges of Theory A and Theory
B, it still remains to compare which values of the quantum numbers Si, S˜i˜ and Ti actually appear
in the BPS spectra of the two theories. As long as we choose the masses mi so that a sufficient
number of gauge bosons have masses much larger than the dynamical scale Λ, Theory B is
weakly coupled and its spectrum is essentially the classical spectrum described above. Hence,
in this regime, massive hypermultiplets of Theory B are in one-to-one correspondence with BPS
states of Theory A. However, there is more: the curves of marginal stability at weak coupling
in Theory A, where topologically charged BPS solitons decay, have a precise correspondence in
Theory B, where the associated magnetically charged dyon states decay. In the gauge theory,
these curves correspond to regions were the dimension of the monopole moduli space enlarges
discontinuously corresponding to the freedom for the dyon to separate into its decay products
[23, 24]. Away from weak coupling, the determination of which states appear in the BPS
spectra of either case is complicated by the presence of additional curves of marginal stability.
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Because the exact central charges agree, the same curves of marginal stability occur in both
theories. This suggests, but does not guarantee, that the two spectra agree throughout the
parameter space. In the next Section we will consider a brane configuration which provides
further evidence for this proposal.
One interesting consequence of the proposed equivalence is obtained by setting all twisted
masses to zero. This leads to a novel connection between four-dimensionalN = 2 SQCD with N
colours and Nf = N+N˜ massless flavours at the baryonic root and the supersymmetric CP
N−N˜
σ-model in two-dimensions. Both theories are asymptotically free and have a U(1)R symmetry
which broken to a Z2N−2N˜ subgroup by instantons. According to [4] the global symmetry on
the baryonic branch is SU(N − N˜) which is the same as the global symmetry of the CPN−N˜
σ-model. In addition to the massless spectrum of the four-dimensional theory described above,
we should find massive hypermultiplet corresponding to each state in the σ-model spectrum.
Thus we predict massive hypermultiplets transforming in the fundamental representation of
the global symmetry group as well as bound states transforming in each antisymmetric tensor
representation. In Appendix B, we show that anti-symmetric tensor multiplets of the larger
symmetry group SU(Nf ) exist at weak coupling for zero masses but large VEVs, i.e. not at
the baryonic root.
5 The Brane Configuration
The technique of realising field theories as the world-volume dynamics of intersecting brane
configurations in type II string theory [27] has proved very powerful in recent years, providing
a geometrical description of many strong-coupling phenomena in field theory. In fact it is well
known how to construct either Theory A or Theory B introduced above on the world-volume of
type IIA branes which are subsequently elevated to M-theory. The four-dimensional theory was
first studied in this context by Witten in [3], where it was shown that the M5-brane provides
a concrete realisation of the Seiberg-Witten curves. The brane model of the two dimensional
theory was studied by Hanany and Hori [1]. In the following sections we review both of these
constructions and in, particular, how BPS spectrum is realized in each case. In both theories,
BPS states correspond to M2 branes with boundaries on M5 branes. In both cases, the relevant
boundaries are non-trivial one-cycles on the same Riemann surface.
We look first at the brane picture for the two-dimensional theory described in [1]. The
configuration involves a pair of non-parallel NS 5-branes. The first of the pair spans world-
volume directions 012345 and is positioned at x6 = x7 = x8 = x9 = 0. The second NS 5-brane
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Figure 1: The IIA configuration for theory A
is rotated with respect to the first, spanning world-volume directions 014589. Such a rotation
of the second NS 5-brane is typical when constructing theories with four supercharges and this
brane is often referred to as an NS′ 5-brane. It is located at x2 = x3 = 0, and at some fixed
value of x6 and x7. The configuration also involves N + N˜ semi-infinite D4-branes ending on
the NS 5-brane. Each spans world-volume directions 01236 and is located at x7 = x8 = x9 = 0
and at a fixed value of x4 and x5. The D4-branes may end on the NS 5-brane either from the
“left” (world-volume x6 < 0) or from the “right” (x6 > 0). For our purposes we require N to
end from the right, and the remaining N˜ to end from the left. We will refer to the former as
D4-branes and the latter as D˜4-branes. A recent paper which discusses similar configurations
of semi-infinite D4-branes is [28].
The U(1) two-dimensional gauge theory is realised as the low-energy dynamics of a single
D2-brane suspended between the NS and NS′ 5-brane, with world-volume coordinates 017. The
D2-brane has finite extent in the x7 direction and is infinite in x0 and x1, these latter dimensions
playing the role of the field theory space-time. The final configuration is depicted in figure 1.
It preserves four supercharges as required for N = (2, 2) supersymmetry in two-dimensions.
Hanany and Hori argue that strings stretched between the D2-brane and semi-infinite D4-branes
become chiral multiplets in two dimensions leading to Theory A described in the introduction.
Parameters of the field theory are encoded as positions of the various branes. The VEV of
the vector multiplet scalar and the twisted mass parameters both correspond to the positions
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of Dirichlet branes in the (x4, x5) plane,
x4 + ix5
∣∣
D2
= σ
x4 + ix5
∣∣
D4i
= mi i = 1, . . . , N
x4 + ix5
∣∣
D˜4
i˜
= m˜i˜ i˜ = 1, . . . , N˜ .
Rotational symmetry in the 45-plane is identified with the U(1)A R-symmetry of the N = (2, 2)
theory. The distances between the two 5-branes in the x6 and x7 directions are related to the
bare FI parameter and bare gauge coupling respectively,
∆x6
gst
= r
∆x7
gst
=
1
e2
(5.1)
where gst is the string coupling constant, ∆x = x(NS
′) − x(NS), and we are working in units
where the string length-scale
√
α′ is set to one. For ∆x6 = 0, both ends of the D2-brane lie on
a 5-brane, and it is free roam the (x4, x5) plane. This corresponds to the “Coulomb branch” of
the gauge theory. For ∆x6 > 0, the D2-brane must end on one of the D4-branes and is therefore
restricted to lie at one of N fixed positions in x4 and x5 (this situation is shown in figure 1).
For generic mass terms, these positions correspond to the N classical vacua of the field theory
for r > 0 described in Section 2. Similarly, for ∆x6 < 0 there N˜ choices of D˜4-brane on which
the D2-brane may terminate.
While the type IIA picture captures many of the classical properties of the field theory,
including the classical moduli space of vacua, quantum effects are reproduced only after raising
the configuration to M-theory [1]. As noted in that reference, the field theory limit of M-theory
differs from the supergravity limit. Nevertheless we expect certain quantities, in particular
masses of BPS states, to be correctly determined in the supergravity approximation. In eleven
dimensions the system comprised of the NS 5-brane, D4-branes and D˜4-branes combines to
become a single M5-brane, while the NS′ 5-brane evolves into a flat M5-brane and the D2-brane
becomes an M2-brane suspended between the two. We deal first with NS 5-brane and D4 (D˜4)-
branes. The world-volumes of all these branes share the 0123 coordinates and the resulting M5-
brane is correspondingly flat in these directions. The remaining world-volume directions of the
M5-brane describe a two-dimensional curve, Σ, lying in the submanifold R3×S1, parametrised
by x4, x5, x6 and periodic coordinate x10 = x10 + 2πR. The preservation of eight supercharges
requires this curve to be embedded holomorphically with respect to the complex coordinates
v = x4 + ix5 , s = R−3/2x6 + iR−1x10 (5.2)
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In terms of t = ΛN exp(−s), the curve Σ takes the form [1]
tΛN−Nf
N˜∏
i˜=1
(v − m˜i˜) =
N∏
i=1
(v −mi) (5.3)
where the product terms can be understood as arising from the deformation of the IIA NS
5-brane due to presence of the D4− and D˜4-branes.
The description of the NS′ 5-brane in M-theory is much simpler. It is not deformed by
D4-branes and evolves to a flat M5-brane with world-volume directions 014589. It’s position
in the x6 and x10 directions is given by
t = ΛN (5.4)
Unlike the type IIA picture, the M5-branes no longer have a definite x6 separation and the
quantity ∆x6(v) is interpreted as the running FI parameter in agreement with field theory
[1]. In addition the curved M5 brane configuration is no longer invariant under rotations in
the 45-plane. This corresponds to the U(1)A anomaly which appears at one-loop in the two-
dimensional quantum theory.
The M-theory description of the D2-brane is as an M2-brane, stretched between the flat
and curved M5-branes. Like its D2 descendant, the M2-brane world-volume is infinite in the
01 directions and finite in x7. Unlike the M5-branes however, the M2-brane does not have a
fixed configuration. Rather, different configurations correspond to different states of the two-
dimensional gauge theory. For example, supersymmetry is unbroken in the vacuum state of
the gauge theory and this is reflected in the corresponding M2-brane ground configuration by
the requirement that it preserve four supercharges. The only such M2-brane configurations
are straight strips lying at a fixed value of v and t. It must intersect the two M5-branes and
therefore has to lie at t = ΛN . The possible positions in the v-plane are then determined by
N∏
i=1
(v −mi)− ΛN−N˜
N˜∏
i˜=1
(v − m˜i˜) = 0 (5.5)
in agreement with field theoretic expectations (3.9). Excited states in the field theory corre-
spond to excited states of the M2-brane, no longer a straight strip but a topologically non-trivial
surface with boundaries on the two M5-branes. We will return to these states after first re-
viewing the four-dimensional theory.
The type IIA realisation of pure SU(N) N = 2 SYM consists of N D4-branes suspended
between two parallel NS 5-branes. The latter span world-volume directions 012345. Each is
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located at x7 = x8 = x9 = 0 and at a fixed x6 value. The separation of the two NS5-branes in
the x6 direction determines the bare four-dimensional coupling constant,
∆x6
gst
=
1
g2
(5.6)
The four-dimensional theory itself lives on the world-volume of the D4-branes, spanning direc-
tions 01236. The D4-branes are finite in the x6 direction and at large distances their low-energy
dynamics are described by D = 4, SU(N) N = 2 SYM with x0, . . . , x3 playing the role of space-
time [3]. The D4-branes are free to move in the v-plane and their positions in these directions
parametrise the classical Coulomb branch of the theory.
Hypermultiplets transforming in the fundamental representation of the gauge group may be
incorporated in one of two ways: using either D6-branes or D4-branes. We choose the latter.
The world-volumes of these D4-branes also span directions 01236. Each is attached to one of
the two NS 5-branes and are thus semi-infinite in the x6 direction. In order to exhibit the
similarity to theory A in the most transparent manner, we choose to attach N semi-infinite D4-
branes to the “right-hand” NS 5-brane. These have world-volume x6 → +∞. The remaining
N˜ D4-branes are attached to the “left-hand” NS 5-brane, have world-volume x6 → −∞ and,
in analogy with theory A, will be referred to as D˜4-branes. The position of each semi-infinite
D4-brane in the v-plane determines the mass of the corresponding hypermultiplet.
x4 + ix5
∣∣
D4i
= mi i = 1, . . . , N.
x4 + ix5
∣∣
D˜4
i˜
= m˜i˜ i = 1, . . . , Nf −N.
As explained in the previous section, the root of the baryonic Higgs branch occurs classically
when the VEVs are equal to the masses of some set of N hypermultiplets. The particular
brane configuration described above above naturally selects N hypermultiplets as those ending
on the “right-hand” NS 5-brane. The root of this baryonic Higgs branch then corresponds to
the situation depicted in figure 2.
As in the two-dimensional case, many quantum aspects of the field theory are uncovered by
elevating this configuration to eleven dimensions. Generically, such a system of NS 5-branes and
D4-branes becomes a single smooth object in M-theory. The world-volume of this single M5-
brane spans directions 0123 and describes a two-dimensional surface embedded in x4, x5, x6 and
x10. Once again, the preservation of eight supercharges requires the curve to be holomorphic
with respect to the complex structures (5.2).
For the IIA configuration corresponding to an arbitrary point on the Coulomb branch, the
lift to M-theory is described by
F (t, v) = A(v)t2 +B(v)t+ C(v) = 0 (5.7)
34
NS5
x6
4x , x5
NS5
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Figure 2: The IIA configuration for theory B
where
A(v) = ΛN−Nf
Nf−N∏
i˜=1
(v − m˜i˜)
B(v) =
N∏
a=1
(v − φa)
C(v) = ΛN
N∏
i=1
(v −mi)
We will consider the asymptotically free case, Nf < 2N . The curve branches at B
2−4AC = 0,
defining the 2N branch points, ea and e˜a,
N∏
a=1
(v − φa)2 − 4Λ2N−Nf
N∏
i=1
(v −mi)
Nf−N∏
i˜=1
(v − m˜i˜) ≡
N∏
a=1
(v − ea)(v − e˜a) (5.8)
The root of the baryonic Higgs branch occurs at the point at which a maximal number of cycles
vanish. This occurs when ea = e˜a for all a = 1, . . . , N . The solution is given by
B(v) = −Λ2N−Nf
Nf−N∏
i˜=1
(v − m˜i˜)−
N∏
i=1
(v −mi)
and the curve becomes,
F (t, v) =

tΛN−Nf Nf−N∏
i˜=1
(v − m˜i˜)−
N∏
i=1
(v −mi)

(t− ΛN) (5.9)
This is the curve used in Section 4 to obtain the exact BPS spectrum of Theory B. Importantly,
at the root of the baryonic Higgs branch the curve has a very simple factorisation. The single
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M5-brane can be thought of as degenerating into two M5-branes, each described by one of the
factors of (5.9). The first factor corresponds to a non-trivial M5-brane, while the second is
simply a flat M5-brane located at t = ΛN . Notice that the first factor is precisely the curve Σ
describing the NS 5-brane and D4-branes of the two-dimensional theory (5.3). Of course, this
is not surprising considering the similarity of the type IIA configurations for theories A and B.
We now turn to the description of BPS states in the two theories, starting with Theory A [1].
States of the field theory correspond to states of the M2-brane. We have already seen how the
ground states of the field theory are reproduced by the M2-brane states (5.5) preserving four
supercharges. The M-theory realisation of BPS states may be identified in a similar manner
as M2-brane configurations preserving two supercharges. In Appendix C we show that this
condition requires the spatial part of the M2-brane world-volume form to be the pull-back of
ω = Ω+ dx7 ∧ dx1 (5.10)
where Ω is the holomorphic two-form
Ω = ds ∧ dv (5.11)
The mass of such a BPS state is given by the difference between the mass of the corresponding
excited M2-brane and the ground M2-brane. Each is given by the area of the brane multiplied
by the brane tension, T , and may be regulated by introducing a cut-off on the integration over
x1. The ground state brane, which we denote as M20, is at fixed values of both v and t and
has world-volume given by the pull-back of dx7 ∧ dx1. The mass of any BPS state is therefore
given by
M = T
∣∣∣∣
∫
M2
ω −
∫
M20
ω
∣∣∣∣
= T
∣∣∣∣
∫
M2
Ω +
∫
M2−M20
dx1 ∧ dx7
∣∣∣∣
= T
∣∣∣∣
∫
M2
Ω
∣∣∣∣
This formula for the mass of BPS states was also proposed in [1] using different arguments.
The mass is seen to be independent of ∆x7 in agreement with field theory expectations that
the masses of BPS states do not depend on the gauge coupling constant, e. To make contact
with the BPS mass formula of Section 3, note that Ω is exact; Ω = dλSW , where
λSW = v
dt
t
(5.12)
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is recognised, in the four-dimensional context, as the Seiberg-Witten differential introduced in
Section 4. Using Stokes’ theorem, the mass of the BPS states can be rewritten as
M = T
∣∣∣∣
∫
∂M2
λSW
∣∣∣∣ (5.13)
where ∂M2 is the boundary of the M2-brane. For ∆x7 = 0, this boundary consists of two
curves, each lying on one of the M5-branes. Denote the curve on the flat M5-brane as Cr and
that on the curved M5-brane as Cl. Then,
M = T
∣∣∣∣
∫
Cl+Cr
λSW
∣∣∣∣ = T
∣∣∣∣
∫
Cl
λSW
∣∣∣∣
where the second equality follows because λSW vanishes over the flat M5-brane (5.4) positioned
at a fixed value of t. Note that the masses of the BPS states depending only on the details of
the curved M5 brane Σ (5.3). The M-theory realisation of BPS states in the four-dimensional
theory were discussed in detail in [29, 30]. They also correspond to holomorphically embedded
M2-branes with world-volume form given by the pull-back of Ω and with boundary on the
M5-branes. The mass of such a state is given by the integral of the Seiberg-Witten differential
over the boundary of the M2-brane, in agreement with (5.13). Moreover, the factorisation of
the Seiberg-Witten curve at the baryonic root ensures that, as in Theory A, the masses of BPS
states are determined solely by a choice of boundary Cl on Σ, the curved part of the M5-brane
(5.9).
Although we have shown both in field theory and from branes that the BPS mass formula
for the two theories agrees, we would like conclude that the quantum numbers of BPS states
appearing in the two theories are the same throughout parameter space. As mentioned in the
previous sections, there is no obvious way to do this using conventional field theory methods. In
the brane context, determining which BPS states appear is equivalent to determining which BPS
configurations of the M2 brane are allowed. In the present case this amounts to determining
which one-cycles on the curve Σ can arise as boundaries of a BPS M2 brane. At least for small
masses, this problem was solved explicitly for Theory A in [1], yielding agreement with previous
results for the CPN−1 σ-model. Here we simply note that the equivalent problem for Theory
B is essentially identical and the same analysis should apply. This provides further evidence
for the exact agreement of the BPS spectra of the two theories.
Finally, we should comment on the fact that not all BPS states of Theory B appear in
spectrum of Theory A. Specifically, only the massive hypermultiplets of Theory B participate
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in the correspondence. The fact that the massless states of Theory B have no counterparts
in Theory A corresponds to a general feature of configurations involving branes of different
dimensions which was first discussed in [27]: moduli in the higher-dimensional world-volume
theory correspond to parameters in the lower-dimensional world-volume theory. By N = 2
SUSY all massless fields in Theory B are associated with scalar moduli. As these moduli
become parameters in Theory B, we know that the corresponding massless degrees of freedom
must decouple from the two-dimensional spectrum. The question of what happens to the
massive vector multiplets of Theory B is more subtle as these states have exactly the same
masses and charges as some of the hypermultiplets at the baryonic root. Because of this
degeneracy, it seems possible that a massive vector multiplet can be interpreted as a threshold
boundstate of a massive hypermultiplet and some massless ones. In principle, the existence
of such threshold bound-states may be sensitive to deformations of the theory, such as those
considered above, which leave the spectrum of truly stable BPS states invariant. Clearly this
aspect of the correspondence requires further investigation.
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Appendix A
In this appendix we give some details of the soliton solutions of the theory in terms of the
(R,Θ) variables of equation (2.26). From (2.29) we deduce that a BPS saturated soliton
solution satisfies the first order equation,
∂Λ
∂x
=
∆W
|∆W|g
ΛΛ¯∂W¯
∂Λ†
= exp(iγ)
|m|
r
R(R− r) (A.1)
where, γ = tan−1(2πr/∆Θ). Taking the real and imaginary parts of this equation we obtain,
∂R
∂x
=
1
2π
tan γ
∂Θ
∂x
= |m| sin γ
[R(r −R)
r
]
(A.2)
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The required solution obeys the boundary conditions, Λ → 0 as x → −∞ and Λ → Λ+ =
ir +∆Θ/2π as x→ +∞ and is given by,
R = r exp(|m| sin γx)
1 + exp(|m| sin γx) Θ = ∆Θ
exp(|m| sin γx)
1 + exp(|m| sin γx) (A.3)
which describes a straight line-segment in the Λ plane which joins the points Λ = 0 and Λ = Λ+.
The resulting central charge is just Z = 2∆W = im∆Λ = im(i∆R +∆Θ/2π) and BPS mass
formula implies that the mass of the soliton is equal to the length of this line-segment
M = |Z| = |m|
√
r2 +
(
∆Θ
2π
)2
(A.4)
where we have used ∆R = r. To interpret the meaning of quantity ∆Θ we note that, in the
(Θ, α) variables of (2.18), the Noether charge, S, of the global U(1) symmetry of the theory is
given as,
S =
r
2
∫ +∞
−∞
dx sin2 ϕ α˙+
θ
4π
∫ +∞
−∞
dx ∂x(cosϕ) (A.5)
On the other hand from (A.3) and (2.27) we have,
1
2π
∂Θ
∂x
=
r
2
sin2
ϕ
2
∂α
∂t
(A.6)
on integrating this equation we find,
∆Θ
2π
=
r
2
∫ ∞
−∞
dx sin2 ϕ
ϕ
2
∂α
∂t
= S +
θ
2π
(A.7)
Thus we recover the central charge (2.22) and the mass formula (2.21),
M = |m|
√(
S +
θ
2π
)2
+ r2 (A.8)
Appendix B
In this appendix, we construct the weak coupling spectrum of bound-states of dyons and quarks
in an N = 2 supersymmetric SU(N) gauge theory with Nf hypermultiplets. Consider the
monopole solution with topological (magnetic) charge ha = δac − δab. At a generic point in
the space of Higgs VEVs, the moduli space of such solutions will be completely described by
embedding an SU(2) monopole solution in the SU(N) gauge group [23]. In our analysis, we shall
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avoid submanifolds of co-dimension one, where the space of solutions enlarges discontinuously.
These submanifolds correspond to regions where some φd lies on the line segment joining φb
with φc and are surfaces on which dyons can decay to other dyons.
Before we proceed, we find it useful to introduce the roots and weights of SU(N). To
this end, we introduce ea, a = 1, . . . , N , the weights of the N representation. The roots are
then ea − eb. The monopole that we are considering has a topological charge equal to the
root h ≡ α = ec − eb. We now analyse the time-independent Dirac equation for the fermion
field Ψλa , in the hypermultiplet {Qλa, Q˜aλ}, in the background of the monopole. The resulting
equation is only non-trivial if a = b or a = c and without loss of generality we can choose a = b.
The Dirac equation is given by a generalization of that written down in [23] which includes an
explicit mass term: (
S −D∗
−D −S
)
Ψλb = EΨ
λ
b (B.1)
Here
D = −i~σ · ~D + iP , D∗ = −i~σ · ~D − iP (B.2)
where ~σ are the Pauli sigma matrices and ~D is the spatial part of the covariant derivative in
the background of the monopole solution. The other quantities in (B.1) and (B.2) are
P = φctc +Re(e−iσφ) ·H − |φ ·α|
α2
α ·H +Re(e−iσmλ)
S = Im(e−iσφ) ·H + Im(e−iσmλ) (B.3)
where σ is the phase of φ · α, the tc are the generators of the SU(2) corresponding to the
root α, φc is the Higgs field of the SU(2) BPS monopole and H are the Cartan generators of
SU(N).
We will now show that BPS bound-states of the monopole, and its dyonic excitations, with
the quark exists whenever D has a normalizable zero-mode. Suppose that such a mode ψλb
exists. This implies that the Dirac operator has an eigenvector:(
S −D∗
−D −S
)(
ψλb
0
)
= Im
(
e−σφ · eb + e−σmλ
)(ψλb
0
)
(B.4)
where we used the fact that HΨλb = ebΨ
λ
b . To show that the bound-state is BPS saturated,
we notice that although the mode is not a zero-mode of the full Dirac operator, but only of D,
it contributes to the central charge in just such a way as to preserve the BPS condition. The
central charge of the bound-state is Z = τφ ·α+ φ · ea +mλ and hence the BPS mass is
M =
∣∣τφ ·α+ φ · eb +mλ∣∣ = ∣∣τφ ·α∣∣+ Im (e−iσφ · eb + e−iσmλ)+ · · · (B.5)
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Here the first term is the mass of the monopole, the second term is precisely the energy of
the fermion mode and the ellipsis are corrections in g which encode the back-reaction of the
fermion fields on the monopole that we have not accounted for in our simple analysis. Notice
the this line of reasoning is analogous to our analysis of the soliton-fermion bound-states in
Theory A. The semi-classical description of the bound-state is completely standard (see for
example [31]). The fermion mode is associated to a pair of raising and lowering operators ρ and
ρ† with canonical anti-commutation relation {ρ, ρ†} = 1. The monopole carries a Fock space
representation of these operators, in other words there is a vacuum state |0〉, which represents
the original monopole, and an excited state ρ†|0〉, which represents the bound-state. In addition,
the monopole wavefunction also includes the usual dyonic excitation piece which implies that
each bound-state gives rise to a tower of states with magnetic charge h = α, electric charge
q = Sα+ eb, for an integer S, and global charge sµ = δµλ.
So our problem is now reduced to searching for normalizable zero-modes of D. Fortunately
this analysis is a simple generalization of that in [23]. There exists a single normalizable zero-
mode if
−1 < Re
(
φ · (eb + ec) + 2mλ
φ ·α
)
< 1 (B.6)
We now analyse this condition at the baryonic root, where φa ≡ φ · ea = −miδia. Further-
more, in order to facilitate comparison with Theory A, we shall write the topological charge of
the dyon as α = ek − el, and so φ · α = ml −mk, and the fermion to have mass mλ equal to
(i) mj (ii) m˜j˜ . For the first case the region where the bound-state exists is
0 < Re
(
ml −mj
ml −mk
)
< 1 (B.7)
with quantum numbers Ti = δil − δik, Si = STi + δil− δij and S˜i˜ = 0. While in the second case
the bound-state exists in a region
0 < Re
(
ml − m˜j˜
ml −mk
)
< 1 (B.8)
with quantum numbers Ti = δil−δik, Si = STi+δil and S˜i˜ = −δi˜j˜ . In overlapping regions (B.7)
and (B.8) there will be multiple bound-states obtaining by filling out the states of a higher
dimensional Fock space.
It is also interesting to analysis the spectrum of bound-state with zero masses mλ = 0. In
this case the condition for the existence of a bound-state is
0 < Re
(
φl
φl − φk
)
< 1 (B.9)
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In this region, there are Nf degenerate fermion modes ψ
λ
l , λ = 1, . . . , Nf , and the bound-states
are composed of a Fock space representation of the Nf creation and annihilation operator ρλ
and ρ†λ. The states are therefore of the form
ρ†λ1 · · · ρ†λp|0〉 λi 6= λj (B.10)
For a given p, these states transform in the pth anti-symmetric representation of the unbroken
SU(Nf ) flavour symmetry group.
Appendix C
In this appendix, using the methods of [32], we derive the world-volume form (5.10) for a M2-
brane preserving two supercharges. We follow closely the analogous calculation for BPS states
in four-dimensional N = 2 theories performed by Fayyazuddin and Spalin´ski [33]. A convenient
choice of eleven dimensional gamma matrices ΓM satisfying {ΓM ,ΓN} = 2δMN is given in the
appendix of this reference, such that ΓM are real for M = 2, 5, 7, 8, 10 and purely imaginary for
other space-time indices and all gamma matrices with spatial indices are hermitian.
The number of supersymmetries preserved by an p-brane with embedding XM in R1,9× S1
is equal to the number of solutions to
η =
1
p!
ǫα1...αpΓM1...Mp∂α1X
M1...∂αpX
Mp (C.1)
where ΓM1...Mp = Γ[M1...ΓMp] and η is an eleven dimensional Majorana spinor (64 real compo-
nents) which can be decomposed as
η = χ+Bχ⋆
where B is equal to the product of the real gamma matrices and determines the charge conjuga-
tion matrix C = BΓ0. We first consider solutions to (C.1) in the background of the M5-branes.
The NS 5-brane and D4-brane system lifts to the single M5-brane described by the curve (5.3).
It was shown explicitly in [33] that this preserves eight supercharges satisfying
Γv¯χ = Γs¯χ = 0
iΓ0Γ1Γ2Γ3χ = −χ (C.2)
where Γv¯ and Γs¯ are the gamma matrices in the complex basis (5.2). The flat M5-brane enforces
a further condition on the spinor: Γ0Γ1Γ4Γ5Γ8Γ9η = η. Using the first equation in (C.2), it is
simple to show that this is equivalent to
iΓ0Γ1Γ8Γ9χ = −χ (C.3)
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There are four real independent solutions to (C.2) and (C.3), equivalent to N = (2, 2) super-
symmetry in two dimensions. Further, using the fact that the product of all gamma matrices
is proportional to the identity matrix, any spinor χ satisfying both these conditions must also
satisfy
Γ0Γ1Γ7χ = χ
This reflects the fact that we may add a flat M2-brane to the configuration while preserving
four supercharges. This M2-brane corresponds to the ground state of the two-dimensional field
theory.
Each state in the field theory other than the vacuum corresponds to an excited M2-brane
which is no longer embedded at a fixed value of v and s. The condition that this state be BPS
requires the existence of a simultaneous solution to (C.2), (C.3) and
η = 1
2
ǫαβΓ0ΓMN∂αX
M∂βX
Nη
Introducing the complex coordinate u = x1 + ix7, this condition becomes
ǫαβη = Γ0
{
(∂αs∂βv − ∂αv∂βs)Γsv + (∂αs¯∂β v¯ − ∂αv¯∂β s¯)Γs¯v¯
+ (∂αs∂βu− ∂αu∂βs)Γsu + (∂αs¯∂β u¯− ∂αu¯∂β s¯)Γs¯u¯
+ (∂αv∂βu− ∂αu∂βv)Γsv + (∂αv¯∂βu¯− ∂αu¯∂β v¯)Γv¯u¯
+ (∂αs∂β u¯− ∂αu¯∂βs)Γsu¯ + (∂αs¯∂βu− ∂αu∂β s¯)Γs¯u (C.4)
+ (∂αv∂βu¯− ∂αu¯∂βv)Γvu¯ + (∂αv¯∂βu− ∂αu∂β v¯)Γv¯u
+ i(∂αs∂β s¯+ ∂αv∂β v¯ − ∂αs¯∂βs− ∂αv¯∂βv)Γ0Γ1Γ2Γ3
+ (∂αu∂βu¯− ∂αu¯∂βu)Γuu¯
}
η
Mercifully many of these terms vanish upon applying the projection operator Q = ΓsΓs¯ΓvΓv¯,
and we are left with
ǫαβBχ
⋆ = (∂αs∂βv − ∂αv∂βs)Γ0ΓsΓvχ− i(∂αu∂βu¯− ∂αu¯∂βu)Bχ⋆
+i(∂αs∂β s¯+ ∂αv∂β v¯ − ∂αs¯∂βs− ∂αv¯∂βv)Γ0Bχ⋆
Without the second term on the right-hand side, this is the equation determining the M2-brane
realisation of a BPS state in the four-dimensional N = 2 theory. In the two-dimensional model
under consideration, the presence of this second term reflects the spatial extension of the M2-
brane in the x1 and x7 directions. Notice that any term appearing in (C.4) that contained both
u and either s or v is eliminated by the projection. Finally, we act with a further projection,
P = 1
2
(1 + iΓ0Γ1Γ2Γ3), to arrive at the requirement
Bχ⋆ = Γ0ΓsΓvχ
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which is identical to the four-dimensional BPS condition [33]. Moreover, the world-volume form
on the BPS M2-brane is determined to be
ǫαβ = ∂αs∂βv − ∂αv∂βs− i∂αu∂β u¯+ i∂αu¯∂βu
which is indeed the pull-back of the two form ω given in equation (5.10).
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